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Gaussian and lognormal PDFs are often applied to model soil cohesion and friction angle (Kulhawy, 1992). 
Several studies addressed SWCC variability and its implications. Raghuram et al. (2020) highlighted the impact 
of fine content on SWCC shape. Zapata (1999) emphasized that high variability in SWCC fitting parameters can 
compromise design conservatism, with up to 54% variability reported in volumetric water content for Fountain 
Hills clay. Overall, the statistical modeling of SWCC fitting parameters using mean, standard deviation, and 
COV values are critical for understanding soil behavior. However, distributions and assumptions must be 
carefully selected, as some, like normal distributions, may not adequately represent shear strength or factor of 
safety (Phoon and Ching, 2014).

3. Data Compilation and Statistical Optimization
The study compiles fitting parameters of the SWCC (FX model) for sandy soils from experimental data 
spanning 1970 to 2016, sourced from diverse regions worldwide. The parameters were analyzed to assess their 
variability, with detailed experimental data. It is noticed that af ranges from 0.1 kPa to 6 kPa; nf ranges from 
1.19 to 14.55; mf ranges from 0.2 to 3.279. The wide ranges of these parameters underscore the substantial 
variability inherent to the fitting parameters of the SWCC. This variability, as observed across sandy soil, 
emphasizes the importance of statistical tools to analyze and interpret the data effectively for geotechnical and 
environmental applications.Statistical optimization developed by Raghuram et al. (2021) was performed to 
calculate the mean, standard deviation, and coefficient of variation (COV) of the probability density function 
(PDF) for the fitting parameters of the SWCC. The process involved analyzing the experimental data using 
histograms and PDFs, along with evaluating errors from quantile-quantile (Q-Q), percentile-percentile (P-P), 
and cumulative distribution function (CDF) plots. Errors were computed by comparing the experimental data's 
fit to Q-Q, P-P, and CDF plots, which provide insights into how well the data align with the assumed statistical 
distributions. This process ensures the PDF represents the underlying variability of the data more accurately.

4. Results and Discussion

4.1. Fitting parameter af

Figure 1(a) reveals a significant right-skewness in the distribution of af values for sand. As shown in Figure 
1(b), the Probability Density Function (PDF), Cumulative Distribution Function (CDF), P-P plots, and Q-Q
plots for the Gamma distribution demonstrate its suitability for modeling the histogram of af values. The CDF, 
P-P, and Q-Q plots in Figure 1(b) show a strong alignment between the data points and their reference lines. Fig. 
1(b) further supports this, showing that the errors for Q-Q and P-P plots are 7.69 and 7.81, respectively, the 
lowest among all considered distributions. However, the CDF error for the Gamma distribution is 15.53, which 
is not the minimum. This discrepancy arises from the sharp accumulation of data on the left side of the PDF, 
leading to a noticeable deviation in the CDF plot. Overall, the findings suggest a good agreement between the 
experimental data and the Gamma distribution, making it the most appropriate choice for modelingaf for sand. 

Fig. 1(a). Histogram superimposed with different PDFs for parameter af.
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The optimal mean, standard deviation, and coefficient of variation (COV) for af are 2.4 kPa, 1.53 kPa, and 
63.75%, respectively. Similar analysis was carried out for parameters nf and mf and the results are summarized 
in Table 1. Due to space constraints the plots are not presented.

4.2. Infinite Slope

An unsaturated infinite slope is analyzed in this study. The depth to the water table (Zw) and the slip surface (Zs)
are measured from the ground level. The analysis employs the framework proposed by Bishop (1959), who 
extended Terzaghi’s effective stress principle to unsaturated soils.A recent study by Raghuram and Basha 
(2020) identified that the unsaturated model proposed by Vanapalli et al. (1996) provides the most conservative 
results. Consequently, this model is adopted in the reliability analysis to ensure a robust assessment of slope 
stability under unsaturated conditions. First order reliability analysis developed by Raghuram and Basha (2021) 
has been used in the present study to compute the reliability index and probability of failure of the sandy slope. 
For this purpose, a sandy slope with a slope angle of 30o is assumed. The depth of the slip surface and water 
table are assumed to be 1.5 m and 10 m below the ground level. The results in Fig. 2 indicate that the percentage 
difference (ε ) between Pf1 and Pf2 increases significantly as the COV of mf increases from 10% to 50%, with 
ε reaching up to 22.13%. These findings underscore the importance of using the most appropriate probability 
density functions (PDFs) for SWCC fitting parameters. Neglecting these can lead to significant overestimation 
of failure probabilities. 

Fig. 1(b). Histogram with optimized PDF, CDF, P-P, and Q-Q plots for parameter af.

Fig. 2. Comparison between the Pf estimated using conventional and optimized distributions.
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Table 3. PDFs, mean, standard deviation and COV of fitting parameters of SWCC for sands

SWCC fitting parameters Optimized parameters
μ σ COV (%) Distribution

af (kPa) 2.40 1.53 63.75 Gamma
nf 5.41 3.68 68.02 Weibull
mf 0.82 0.42 51.76 Inverse Gaussian

Conclusions

The variability of SWCC fitting parameters is inevitable. This study, based on a database of 76 samples 
collected from 1970–2016 for sandy soils, investigates the variability in parameters af, nf, and mf, related to air 
entry value, slope, and residual water content, respectively. Key findings include:

1. Statistical Optimization: Seven continuous PDFs (Gaussian, lognormal, Weibull, Gumbel minimum, 
Gumbel maximum, Gamma, and inverse Gaussian) were evaluated using histogram overlays and errors 
in quantiles (QQ), percentiles (PP), and cumulative distribution functions (CDFs).

2. Sandy Soils:af: Gamma distribution models air entry value with a mean of 2.4 kPa, standard deviation 
of 1.53 kPa, and COV of 63.75%.

o nf: Inverse Gaussian distribution fits the slope parameter with a mean of 5.41, standard 
deviation of 3.68, and COV of 68.02%.

o mf: Weibull distribution models residual water content with a mean of 0.82, standard deviation 
of 0.42, and COV of 51.76%.

3. Impact on Probability of Failure (Sandy Slopes):Ignoring the most appropriate PDFs leads to a 
significant overestimation of the failure probability of sandy slopes by 22.13% when COVs of mf
increased to 50%.

Overall, the study highlights the importance of selecting the best-fit PDFs for SWCC fitting parameters to 
improve the accuracy of reliability-based design for unsaturated soil slopes.
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