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Gaussian process regression is an effective method for the stochastic interpolation of geotechnical site data.
However, a significant drawback of this method is its stationarity assumption, which is unrealistic given the existence
of different soil layers. This assumption results in higher uncertainty in interpolation and poorer performance. To
address this limitation, a mixture of Gaussian processes model is investigated for simultaneous layer identification
and spatial interpolation in 2D. The model is based on the probabilistic assessment of layer boundaries and Gaussian
processes for defining the statistical properties of the layers as well as spatial interpolation. The accuracy of the
model is tested with real CPT profiles. The performance of the model is evaluated based on interpolation accuracy.

Keywords: CPT, Gaussian process, mixture of Gaussian processes, site characterization

1. Introduction

Gaussian process regression, also known as kriging, has been extensively applied in geotechnical site
characterization. It is a robust method for uncertainty estimation in data interpolation and random field modeling.
In this approach, geotechnical data are typically considered to comprise two components: (1) a trend (t) and (2)
spatial variability (&), where the latter is assumed to be a stationary random field. Geotechnical literature
highlights that different soil layers exhibit distinct trend functions and spatial variability (Phoon et al. 2022).
Consequently, models with simple trend functions, such as linear or quadratic trends, combined with a single
spatial variability component are insufficient for accurately identifying and representing geotechnical data. To
address this limitation, advanced methods such as sparse Bayesian learning (Ching and Phoon 2017), Gaussian
process (Ching and Yoshida 2023), and geotechnical LASSO (Shuku and Phoon 2021) have been proposed. These
approaches share a common feature: they train more flexible trend functions for the entire dataset while still using
a single spatial variability component. Additionally, layering is not clearly identified. Recently, a preliminary
version of the mixture of Gaussian processes (MGP) model was proposed by Durmaz et al. (2024) and
implemented for stratification identification and completion of CPT data in a one-dimensional context. This paper
introduces and applies an enhanced version of the MGP model for two-dimensional site characterization based on
the soil behavior type index (1;).

2. Model Definition

The mixture of Gaussian processes (MGPs) is derived from mixture-of-experts models, which consist of two
components: (1) an expert that performs the desired task, such as regression, and (2) a gate function, which serves
as a probabilistic allocation model. The gate function determines which expert is utilized in different regions of
the input space. In the context of site characterization, the gate function can be interpreted as the mechanism for
identifying different soil layers.

In this study, the gate function was specifically designed by adapting a Gaussian mixture model, commonly
used as a gate function in MGPs (Meeds and Osindero 2005; Chen et al. 2014), to address the unique requirements
of site characterization based on CPT data.

2.1 Mixture of Gaussian processes for the one-dimensional case
Assume a one-dimensional I profile consisting of multiple layers. A Gaussian process (GP) for the k" layer
is defined as:

p(Ick|x")~N[mk(x), C(x*, x*|0PF) (1)

where 1. = [1X,,1%,,1¥,, 1%, ... 1%,] is the collection of I, observations for the k" layer, my(x) is the mean
function for the k" layer and C (x", xk|9GP 'k) is the covariance matrix conditioned on the hyperparameters 6 7%

of the GP representing the spatial variability in the k** layer. For the 1D case, x* = [xX, x¥, ... xX] represents the

depths of I, observations in the k" layer. This study adopts a single exponential autocorrelation function, and the
elements of the covariance matrix are, therefore, defined as:
2
c(xi,x;) = 6pexp -5 lx —x|]] @

where 6, and 6, represent the variance and scale of fluctuation of I, respectively.
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The allocation of GPs to specific parts of the data is performed by a Gaussian mixture model (GMM), defined
as follows:

First, given a data set {I. ,, x, }n—1, the latent indicators {z, }_, indicate the GP responsible for each data point
and are assumed to follow a multinomial distribution:

P(zn=k)=m, (3)
The likelihood of the k" GP being responsible for a given location is described by a Gaussian distribution:

p(xnlzn = k) ~ N(,le, Sl%) (4)

The above model, whose details can be found in Chen et al. (2014), was used by Durmaz et al. (2024) for
identifying the layers in a single CPT profile. However, this model has a significant limitation when applied to
higher dimensions (2D or 3D): the decision boundaries of GMMs are quadratic in nature, and therefore lack the
flexibility to represent the complex shapes of soil layer boundaries.

2.2 Mixture of Gaussian processes for the two-dimensional case

The following modification was introduced to overcome the previous model's limitation in a 2D space. The
likelihood of the presence of a layer at a specific depth is still assumed to follow a Gaussian distribution. However,
the parameters of the GMM are now considered to change in the horizontal direction. For M CPT logs, the log-
likelihood of the observations is calculated as follows:

L(Q' Z) = %:1 Z£=1{2g=1znkm [ln(ﬂk,m) + lnp(xnlﬂk,m! Sk,m)] + lnp(lgclxk; Bk)} (5)

where @ denotes the whole parameter set, and Z is the indicator tensor with elements z,,;,, . If a data point belongs
to the k" layer at the m®® CPT, then z,,, = 1; otherwise, Zy;, = 0.
The hard-cut expectation-maximization (EM) algorithm (Chen et al. 2014) is applied to train the model as
follows:
(i)  K-means clustering is used to initialize the clusters. The indicator variables are initialized to represent
the indices of the clusters where the data points are assigned.

(ii) M-step: The hyperparameters of the GPs in each layer are calculated using the maximum likelihood
(ML) method. The quadratic polynomial trend in Eq. (6) is used as the mean function for each layer. This
trend represents the highest-order function commonly employed in the literature for homogeneous layers
and has also been reported to perform well for lower-order functions, such as constant and linear trends
(Ching et al., 2023). To avoid overfitting, normal prior distributions are assigned to the coefficients of
the trend function in Eq. (6). The mean and standard deviation of /. values in each layer are set to the
mean and standard deviation of the prior distribution of w,. The means of the prior distributions
of wy and w, are set to zero. The standard deviations of the priors are set to [I£q, — If_mm] J1xE o —

xrk;lin] for 141 and [Ié(,max - Igmin]/[(xrl‘fzax)z - (x-rkrtlin)z] for Wj.
my(x) = wg + wi - (x — xrlizin,k) +wy o (x— er:LL'n,k)z (6)

For the calculation of the gate parameters, 7y, ,, Hy m, and S, the following equations are given in the
original algorithm (Chen et al. 2014):

n=N km n=N . km_ km_ T
T = KNk,m (7-0)  pm = Zn=1 Xn (7)) Sim = In=1 (' —tiem) Xn” —Higm) (7-¢)
Zk=1Nk,m Nkm Nim

where x’,f'm represents the n" depth data, and N ,, denotes the total number of data points in the k"
layer at the m*™® CPT. With the assumption that layers are continuous (the same layer cannot appear at
two distinct depths for a given CPT), iy ,,, and sy, ,,, can be expressed in terms of 1, ,,, as follows:

Hen = 250 (T +™2) Hyy (82) S = M Hy /12 (8-D)
k+k*

where H,, is the total of depth the m* CPT. Eq. (8-a) and Eq. (8-b) require the layer index k to be
ordered from the ground surface to the bottom. Therefore, after the clusters are initialized, the layer
indexes are ordered based on the mean depth of each cluster.

(iii)  E-step: Indicator variables are updated based on the maximum a posteriori criterion:

Zn = argllcnax[nkN(xnl.uk' Sk)N(ynlmk (xn)' 9(’)‘)] )
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(iv) Prediction: /. values between CPTs are estimated as the weighted mixture of predictions made by each
GP according to:

p(1xy) = TIZKP(z, = klxp)N [I5,, V(12)]  (10)

where P(z, = k|x;,) is the posterior probability of the presence of the k" layer at the prediction point
X, and I, is the mean and V(Ic*'k) is the variance of the predictive distribution of k** GP, which are
calculated as follows:

I = C(a", 2% C (%, x%) 7 [15 — my (x%)] + my () (1)
V(IZ) = Clx,x") — C(x, 2%)C(xk, x%) T C(xk, x*)  (12)

After the training stage, the likelihood of a layer presence between CPTs needs to be identified. To
achieve this, the mixture weights of the layers are interpolated using a multivariate (multi-task) GP
(Bonilla et al. 2007) with an RBF kernel. Note that this is equivalent to interpolating layer thicknesses
since the product of the mixture weights and the total thickness equals the layer thickness. The
formulation of the multi-task GP is similar to Eq. (1), except for the covariance matrix. In the multi-task
GP, the covariance matrix is the product of the multi-task covariance matrix and the correlation matrix.
The posterior probability of a layer presence in Eq. (10) is calculated using Monte Carlo (MC) simulation
by sampling from the predictive distribution of layer thicknesses generated by the multi-task GP. The
posterior probability of a layer's existence at a given point, P(z,, = k|x;;), is then computed as the ratio
of the number of samples in which the point is assigned to the k%" layer to the total number of MC
samples, Ny /N.

3. Implementation with CPT Data

The proposed method is implemented with data from 5 CPTs from the Groningen region in the Netherlands.
The relative positions of the CPTs and the I, profiles are shown in Figure 1. Five layers are selected to model the
subsurface as it is a reasonable number of layers for the illustrated data. The results of the I, prediction, the most
probable layer boundaries, and the uncertainties in the layer boundaries are shown in Fig. 2a, 2b, and 2c
respectively. To assess the interpolation accuracy of the model, cross-validation (CV) is performed by excluding
CPT2, CPT3, and CPT4 in turn during the training stage. The root mean square error (RMSE) and mean absolute
error (MAE) are calculated using the validation data and prediction at the location of the validation CPT. The
mean RMSE and MAE from the three CV analyses are calculated as 0.33 and 0.26, respectively. The same error
metrics are calculated as 0.38 and 0.28 when single Gaussian processes are used for the entire subsurface, which
demonstrates that the proposed model improves the interpolation performance. When the most probable layer
boundaries (Fig. 2b) are compared to the data shown in Fig. 1, the layer boundary estimation seems reasonable.
Also, the uncertainty in the layer boundaries increases when the points become far away from the CPT locations,
which is also realistic.

Table 1. Estimation of the coefficients of the mean function and the hyperparameters for each layer. In the table 6, 6, 6,
represent the variance, and the vertical and horizontal scales of fluctuations respectively.

Wo wy W 6o 01(m) 03(m)

Layer 1 1.73 -0.136 0.1400 0.161 1.8 45.5
Layer 2 3.03 0.076 -0.0190 0.059 1.0 38.6
Layer 3 1.76 0.026 0.0002 0.058 13 77.9
Layer 4 2.64 0.041 -0.0014 0.128 1.0 39.3
Layer 5 1.9 0.028 0.0029 0.089 1.2 42.9
single GP 1.04 0.059 -0.0002 0.407 5.7 394

Table 1 shows the estimated mean and covariance parameters of the five layers in the simulation, whose results
are illustrated in Fig. 2. The bottom row of the table lists the values of the hyperparameters obtained by a single
GP. As expected, the scale of fluctuation estimation in both directions with a single GP is higher than with the
layered approach because of the interlayer heterogeneity.
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Fig.1 I, profiles of the 5 CPTs and corresponding soil behaviour type classification used for implementation.
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Fig. 2 (a) I, profiles obtained by the 5-layer MGP model; (b) most probable layer boundaries with /, profiles at CPT locations
(black line); (c) uncertainties in layer boundaries. These results were obtained by excluding CPT2.

4. Conclusion

A mixture of Gaussian processes has been proposed to identify layer boundaries and the spatial statistics of
each layer. Geotechnical data are represented with a unique trend function and a spatial variability component in
each layer. In this respect, the proposed approach differs from other studies which train complicated mean
functions to model non-stationarity. Although this paper has presented a simple trend model for individual layers,
the global trend is flexible enough to represent geotechnical data with the inclusion of interlayer heterogeneity.
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