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In geotechnical engineering a two-layer undrained slope may be encountered in which an embankment or levee
rests on a different foundation soil. This paper will use the random finite-element method (RFEM) to conduct 
probabilistic stability analyses of two-layer undrained slopes in which each layer has different statistical properties. 
The RFEM results show that, if both layers of the slope consist of spatially variable soil, the critical failure 
mechanism may go through the lower foundation layer, which would not occur in a deterministic analysis. This is 
explained by the “seeking out” effect of RFEM, which permits the deeper failure mechanisms to form naturally 
because of possible lower undrained strengths in the foundation layer. The RFEM results also demonstrate the 
worst-case phenomenon and show that the worst-case effect becomes less obvious as the mean strength ratio of the 
two layers increases.
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1. Introduction
Construction of embankments or levees sometimes leads to a two-layer undrained slope (e.g., Duncan et al.
2008). Recently, in the framework of deterministic analyses, this problem has been investigated by Qian et al. 
(2015) using finite-element limit analysis methods, and by Guo and Griffiths (2020) adopting finite-element 
strength reduction methods. It is well known however, that soil properties can vary ‘from point to point’
(Terzaghi 1948), and that the classical deterministic approaches cannot account properly for this spatial 
variability in geotechnical analysis. The random finite-element method (RFEM) provides a systematic way of 
tackling spatial variation of soil properties. This advanced numerical method combines finite-elements with 
random fields, which were generated by the local averaging subdivision (LAS) method (Fenton and Vanmarcke, 
1990) to account for spatial variation. 

The objective of this study is to investigate the reliability of two-layer undrained slopes by RFEM. Figure
1 shows the profile for a two-layer undrained slope, where u1s is the undrained strength of the embankment 
layer; u2s is the undrained strength of the foundation layer ( u 0φ = ); β is the slope angle; H is the 
embankment height and D is the foundation depth ratio. For simplicity in this study, the u1s and u2s are 
spatially variable, while other parameters are deterministic.

In this study, the RFEM program twosided, which can consider two soil layers with their own statistical 
properties, has been applied to the reliability analyses of two-layer undrained slopes in random soil. The 
undrained strength us is modelled as a spatially varying random variable, with a lognormal distribution. For 
simplicity, the coefficient of variation

u u1 u2s s sv v v= = is assumed in this study. Because of soil sedimentary 
deposition processes, the spatial correlation length may be anisotropic. Furthermore, the spatial correlation 
lengths in the embankment layer and foundation layer may be different. However, for simplicity an isotropic
spatial correlation length 

u1 u2
/s s HθΘ = Θ = Θ = is used. The probability of failure fp is calculated as the 

proportion of the 2000 Monte-Carlo analyses where slope failure occurred.

 
Fig. 1. A profile for the two-layer undrained slope.
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2. Failure mechanisms
An example slope used by Guo and Griffiths (2020) is used here to investigate the failure mechanism of two-layer 
undrained slopes in random soil. The example slope has parameters 18H = m, 2.0D = , cot 2.0β =
( 26.6β ≈ ° ), u1 60s = kPa, unit weight 20γ = kN/m3, Young’s modulus 510E = kPa and Poisson’s ratio 

0.3ν = . Figure 2 shows the calculated factor of safety FS for different values of u2 u1/s s by  finite-element 
method (FEM) with strength reduction. It is obviously shown in Figure 2 that there exists a sharp transition 
occurring at u2 u1/ 1.5s s ≈ . Guo and Griffiths (2020) defined this transition point as the critical strength ratio 
(referred to as critR ), at which the failure mechanism transitions from shallow to deep. The critR is influenced by 
β and D , and the value is between 1.2 and 1.8 in all the cases considered in Guo and Griffiths (2020). 

Figure 3 shows the typical failure mechanisms for the example slope. For two-layer undrained slopes, when 
u2 u1 crit/s s R< the failure mechanism is deep (Figure 3a), while when u2 u1 crit/s s R> the failure mechanism is 

shallow (Figure 3c). Due to the “seeking out” effect (the failure mechanism seeks the path of least resistance
through the geotechnical system) in FEM (non-random), both mechanisms will be seen when u2 u1 crit/s s R=
(Figure 3b).

 
Fig. 2. Caclulated FS for different values of u2 u1/s s .

Fig. 3. Typical failure mechanisms for the example slope with: (a) u2 u1/ 1.2s s = , (b) u2 u1/ 1.5s s = , (c) u2 u1/ 1.8s s = .

Figure 4 shows the probability of slope failure fp plotted against mean strength ratio 
u 2 u1

/s sμ μ with 

different coefficients of variation 
usv  when 0.5Θ = . It can be seen from Figure 4 that when 

u
0.3sv ≥ and 

u 2 u1
/ 1.5s sμ μ ≥ , as the mean strength ratio increases, the fp still decreases. This phenomenon indicates that 

when considering soil spatial variation for two-layer undrained slopes, even with a mean strength ratio 

u 2 u1
/s sμ μ greater than the critR , the failure mechanism may be deep. If failure mechanisms are all shallow in 

the Monte-Carlo process, the probability of failure is constant and increasing the mean strength ratio will not 
decrease the fp .

Figure 5 shows a typical failure mechanism for the example slope with 
u 2 u1

/ 1.8s sμ μ = ,
u

0.5sv = and 

0.5Θ = . The failure mechanism will be shallow when u2 u1/ 1.5s s > by deterministic finite-element analysis 
(Figure 3c), however, the two-layer undrained slope can also exhibit a deep failure mechanism when considering 
soil spatial variation.



134 Proc. of the 9th International Symposium on Geotechnical Safety and Risk (ISGSR)

Fig. 4. fp plotted against 
u 2 u1

/s sμ μ with different coefficients of variation.

 
Fig. 5. A typical failure mechanism for the example slope with

u 2 u1
/ 1.8s sμ μ = ,

u
0.5cv = and 0.5Θ = .

3. Worst-case spatial correlation length
To investigate the worst-case phenomenon in two-layer undrained slope reliability, a test slope with u1 50s = kPa, 

20γ = kN/m3, 10H = m, cot 1.0β = ( 45β = ° ), 2.0D = , 510E = kPa and 0.3ν = is considered here. Figure
6 shows the deterministic factor of safety FS for different values of u2 u1/s s , with a sharp transition at 

u2 u1/ 1.2s s ≈ and the factor of safety FS 1.55≈ .

Fig. 6. Calculated FS for different values of u2 u1/s s .
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Figure 7 shows the probability of slope failure fp plotted against the non-dimensional spatial correlation 
length Θ with different mean strength ratios when 

u
0.7sv = . The following non-dimensional spatial correlation 

length values are selected: 0.01,  0.1, 0.2, 0.5, 1, 2, 5, 10, 100Θ = .
u

0.7sv = is selected herein as a higher value 
of the coefficient of variation for undrained strength within the range suggested by Phoon and Kulhawy (2008). 
According to the results by deterministic analyses in Figure 6, the factor of safety assuming the mean strength is 
uniform throughout is FS 1.55≈ . However, it can be seen from Figure 7 that the worst-case phenomenon is 
most obvious when 

u 2 u1
/ 1.2s sμ μ = . With the increase of mean strength ratio, the worst-case effect becomes 

less pronounced. This phenomenon can also be expected, because with the increase of mean strength ratio, the 
fp will still decrease as shown in Figure 4.

Fig. 7. fp plotted against Θ with different mean strength ratios when 
u

0.7sv = .

 
4. Concluding remarks
This paper has investigated the reliability of two-layer undrained slopes by the RFEM. Typical applications might 
include short-term stability of embankments or levees resting on foundation soils with different statistical 
properties. As demonstrated in this paper, if a two-layer undrained slope consists of spatially variable soil, the 
failure mechanism can pass through the foundation layer in some cases even if the lower soil is stronger on 
average. This phenomenon is most obvious when the coefficient of variation of undrained strength is relatively 
high (e.g., 

u
0.3sv ≥ ). This is in contrast to deterministic analyses in which mechanisms will never go deep once a 

critical strength ratio is exceeded. This contrary phenomenon can be attributed to the “seeking out” advantage of 
RFEM, which allows the deeper failure mechanism to form naturally due to the low strengths in the foundation 
layer. This paper has also discussed the worst-case phenomenon, and found the worst-case effect becomes less 
pronounced with increasing mean strength ratio. 
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