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Abstract: Stabilization pile is a common measurement to enhance slope stability. Since the deterministic factor of safety cannot
reflect the inherent uncertainty and spatial variability of mechanical properties of soil, it is highly desirable to employ a
probabilistic analysis for slope reinforced with piles. This paper presents a probabilistic analysis procedure for width-
constrained piled slope where the failure pattern and spatial variability of soil are both accounted for under three-dimensional
(3D) conditions. A modified discretization kinematic analysis-based mechanism is employed as the determined model. Such a
mechanism adopts a novel hybrid strategy to greatly improve the computational efficiency on the basis of the origin
discretization mechanism. The effective cohesion and friction angle of the soils are modeled as lognormal random fields by
using the Karhunen—Lo¢ve expansion. The sparse polynomial chaos expansion (SPCE) is used to construct the metamodel to
reduce huge computation costs in high dimensional stochastic problems. The failure probabilities, probability density function
and other useful reliability results can be provided within limited simulations. Finally, the influences of soil spatial variability,
slope geometry and pile parameter on reliability analysis results are conducted. The combination of modified discretization
mechanism and SPCE provides a useful tool in probabilistic analysis of piled slope under 3D conditions. The reliability finding
is also helpful for piled slope reliability design in practice.

Keywords: pile reinforced slope; three-dimensional reliability analysis; soil spatial variability; kinematic analysis; sparse
polynomial chaos expansion

1 Introduction

Anti-sliding piles are widely used in slope reinforcement to improve stability, due to the advantages of strong
stability, easy construction and little disturbance to the original slope (Cai 2000; Won et al. 2005).

Many studies have been contributed to developing stability approach of piled slopes and/or to investigate
the effect of pile design parameters on piled slope stability (Ausilio 2001; Li 2006; Nian et al. 2008). However,
the results of stability analysis do not always agree with the situation in practice. For instance, a slope with “higher”
safety factor may have a greater probability to failure (Li et al. 2015; Huang et al. 2019). This is because the huge
uncertainties and randomness of geological and soil parameters, usually due to inadequate site characteristics,
measurement errors, etc., cannot be considered by stability analysis. To deal with these ‘statistical characteristic’
of soil properties, a reliability analysis is essential, which allows a systemic and quantitative description of the
probability of slope failure. Reliability analysis of pile-reinforced slope receives an increasing attention in past
decade (Li 2014; Zhang et al. 2017). A simple treatment of soil parameter uncertainty is to assume that the soil
parameters are random variables and are homogeneous across the site. However, this assumption is not realistic
because of inherent spatial variability of soil parameters due to mineral composition, deposition conditions, and
stress history (Qi 2018; Chen 2019). Failure to consider spatial variation in probabilistic analysis results in
overestimated failure probabilities and uneconomic designs (Guo 2019). Thus, some scholars considered spatial
variability in the reliability analysis of reinforced slopes. Chen et al. (2020) analyzed the effects of pile positions,
pile lengths on the failure probability of reinforced slopes of soil strength spatial variability. Considering the spatial
variability of soil parameters and the uncertainty of stabilized piles, Lii et al. (2021) performed a probabilistic
analysis of the reinforced slopes. However, most of the reliability analyses of reinforced slopes considering spatial
variability are based on two-dimensional analyses and not, to the best of our knowledge, under three-dimensional
condition. A contrary fact is that in practice slope failures often illustrate obvious 3D characteristics, for instance,
a slope with limited width due to adjacent rock formation or artificial excavation. An arbitrary 2D reliability
analysis of such slope will lead an overestimation of the failure probability. Moreover, a reliability design that
takes the overly overestimated results will increase the unnecessary cost in engineering practices, such as excessive
reinforcement or excavation. To acquire the more realistic probabilistic results, 3D reliability analysis is necessary.
The determination model is essential for reliability analysis, practically for the three-dimensional analysis since
3D analysis is often more time-consuming than 2D ones.

Serval methods have been used in the reliability analysis of reinforced slopes, such as limit equilibrium
method (LEM) (Tabarroki et al. 2013; Gravanis 2014), finite element method (FEM) (Griffiths 2011; Dyson 2019),
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finite difference method (FDM) (Srivastava 2012; Li et al. 2017). However, there are some problems when LEM
and numerical approach FEM/FDM is applied in 3D spatial variability issues. LEM needs to introduce some
arbitrary assumptions to determine the inter-piece forces, where soil variability and boundary conditions are hard
to account for in a systematic way. For FEM and FDM, expensive time costs hinder their use for massive
computation. Apart from these two approaches, kinematic analysis based on limit analysis is considered a sound
stability method used as determination model. A horn-like 3D mechanism based on kinematic analysis has been
successfully applied to stability analysis of reinforced slopes. However, this mechanism cannot consider the spatial
variability of friction angle due to the requirements of normal conditions.

To address that, this paper adopts an improved 3D discretization mechanism based on this horn-like
mechanism. This mechanism, of which the sliding surface consists of several triangular discrete unit surfaces, can
consider the spatial variability of soil parameters. By the combination of the 3D discretization mechanism and the
random field theory, the reliability of the 3D pile reinforced slope considering the spatial variability of soil
parameters is analyzed in this paper. In addition, a large number of input variables are required in random field
problem. As the high-dimensional stochastic problems are time-consuming, a meta-models called sparse
polynomial chaos expansion (SPCE) are used to improve computational efficiency.

In summary, this paper aims to propose a 3D reliability analysis method for reinforced slopes considering
spatial variability, by using the SPCE method and the 3D discretization mechanism. It is also investigated the
effects of some key parameters such as auto correlation distance, coefficient of variation, pile position, pile
spacing, and width-to-height ratio on the failure probability of 3D reinforced slopes.

2 Random field model

A random field model is used to replicate the spatial variability of soil strength properties, by defining a continuous
parameter field with a set of random variables. Stochastic distribution (mean, variance, etc) and autocorrelation
function completely describe a random field model.

This study assumes the cohesion and friction follow log-normal distribution and autocorrelation function is
exponential. The exponential autocorrelation function can be expressed as

|x1_x2|_|y1_y2|_|21_22|) 1)
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where (X,,),,2,) and (x,,,,z,) are the coordinates of two arbitrary points in the 3D random field space, /,,
[ ,,and [, are the autocorrelation distances inthe X, ¥, and z directions, respectively.

A discretization process is necessitated in dealing with random field problem. In this paper, a Karhunen-
Loeve expansion is utilizing to realize the random field discretization, due to its efficiency and the merit that the
number of required random variables is not affected by the mesh division.

The K-L expansion of a log-normal random field can be expressed as:
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where 4, and @, are the i-th eigenvalue and eigenfunction of the autocorrelation function, respectively. & (6)
denotes the coordinates of the realization of the random filed in the expanded space. M is the number of series
expansion terms, f4,and o, are the normalized mean and standard deviation of random filed.
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3 Sparse polynomial chaos expansion(SPCE)

Sparse polynomial chaos expansion ( SPCE ) proposed by Blatman and Sudret (2008) is an extension of
Polynomial chaos expansion. PCE is a meta modelling tool that expands the model response on a suitable basis to
approximate a complex deterministic model.

A PCE with the number of random variables can be expressed as

M
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where X is the independent random variable; M is the number of random variables; w(X) isa multivariate

polynomial that can be expressed as a tensor product of univariate orthogonal polynomials; a, is the unknown

coefficients; a={«,, ..., @,,}is a multidimensional index and P is the order of the expansion. SPCE aims to

reduce the number of the involved multivariate polynomials by selecting the terms with the significant coefficients.
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4 Three-dimensional anti-slip pile reinforced slope limit analysis

4.1 Three-dimensional discrete slope failure mechanism

A limit analysis-based mechanism proposed by Michalowski is an efficient approach for assessing stability of 3D
slopes. This mechanism, which processes a log-spiral failure plane, has been employed to investigate the stability
problem with 3D piled slopes. This mechanism, however, is unavailable in present study, since its log-spiral
counter is not kinematic admissible for friction angle spatially varying slope due to the normal condition of
associated flow rule. For this reason, a modified Michalowski’s mechanism based on the failure plane
discretization is employed as the determination model in this paper. Unlike the traditional mechanism, its velocity
discontinuity plane is discretized into a series of triangular elements.

The generation of these discretization elements dependent on ‘point-by-point’ technique that rigorously obeys
the associated rule flow, which makes the improved mechanism has good applicability for accounting for spatially
variation of friction angle. The profile of the discretization mechanism is plotted in Figure 1. It describes a rotating
failure with sliding plane passing through the slope toe. Mechanism generation is conducted with the help of a
series of radial planes IT,, II,, which are perpendicular to lateral plane of slopes through the rotation axis OO'
, any adjacent planes having constant angle 60 . Assume that all discretization points 4, ; are positioned on
these radial planes, where J denotes the radial plane where the point is positioned and i denotes the position
of points on the given plane. The discretization points 4;, on the first radial plane I, uniformly arrange in an
ellipse. The adjacent lines £y4,; and Ey4,,, have constant angle 7 , where E, is intersection point of
plane II, and the center line of curved conic FDD'. Concerning more details about the curved conic FDD',
readers can refer to Mollon (2011).

Discrete Points

Figure 1. Schematic diagram of the improved 3D discrete mechanism

Generation of discretization points is based on the principle that point 4, ; on the plane IT; is deduced
from two adjacent points 4,;, and 4, ,, on previous plane I, The generation process starts by
determining the point 4, ontheplane I, from the point on the plane IT,, followed by determining the points
on II, from those on II, -, clockwise along each plane in turn. The derivation of a new point follows two
principles described below.(1) The plane of discretization element £ (4, ;. 4., 1,4, ;) isatanangle ¢, with
its velocity vector V, ;(X,, .Y, ;,Z,, ;). This is because kinematic analysis theory necessitates a sliding plane
respecting the normal condition, to achieve a kinematical admissibility in the whole mechanism.(2) The distances
from the new point A,«, ; tothe known points A,«, ;-1 and Ai+1,j—1 are approximately equal. This is not a necessity
for the normal condition, but it allows for a quasi-uniformly distribution of discretization points.

4.2 Mechanism energy calculation and solution process
Calculations of external work of the mechanism are conducted by summation of elementary rates as shown in
Figure 2.
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Figure 2. Schematic diagram of energy consumption calculation for horn failure mechanism

The power rates due to gravity can be expressed as following:

W=y2(RV,cos0,;) (4)
where 7 is soil weight, and V,; is the volume of prism P, R, .. 0, ,and P, can be found in Figure 2.
Computation of energy dissipation rate follows the same principle as work rates.

D,, =wX(c RS, cosep ) (5)
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where S, is the area of F;;; ¢, and @, are the cohesion and the friction angle at the center of £,
. ! . ¥ : :
respectively. R, can be found in Figure 2.
Energy dissipation rate caused by the anti-sliding pile can be expressed as

D, =20 %x(z)l(z)dz 6)

where x(z) is half of the width of the failing soil at point z, /(z) is the vertical distance from any point z
on the pile to rotation axis OO'. D, is the center distance of two adjacent anti-sliding piles; D, is the distance
between the edges of two adjacent anti-sliding piles small distance; d, =D, —D, is the diameter of the anti-slide
pile. Readers can refer to Gao (2015) for more details on the energy calculation of anti-slip piles.

After building the equation of work rate and energy dissipation, the optimal upper bound solution of the safety
factor can be calculated along with the combination of the dichotomy method and the strength reduction method.
Readers can refer to Sun et al. (2018) for more details about the calculation of safety factor.

5 Parameter Analysis

This section conducts a parametric analysis to investigate the effect of spatial variability (., /,,l., COVc,
COV¢) and the slope design parameters (X,./L,, D,/d,, B/ H) on the reliability results of pile-reinforced
slope with width constrained, using the 3D discretization kinematic analysis model together with the SPCE meta-
model technique. The basic parameters are as follows: The mean value of cohesion ¢ is 10 kPa and its variation
coefficient is 30%. The mean value of friction angle ? is 20° and its variation coefficient is 20%. The vertical
and horizontal auto correlation distance is 2m and 20m, respectively. The slope height H is 10m, the ratio of
width to height B/H is 2, the slope inclination S is 45°, and the soil weight? is 17kN/n*. The pile
position parameter X, / L, 1is 0.8, the pile spacing D, /d,, is 2.5.

5.1 Influence of auto correlation distance

Figure 3 presents the influence of the vertical auto correlation distance( /, ) on the probability density
function(PDF) and failure probability( P, ). Several typical values of auto correlation distance are considered: /,
=1m, 2m and 4m and [/, =/ =20m.The other parameters are remains as their reference value. Figure 3 illustrates
that the PDF curves have taller and narrower shape with the increasing of /, .This means that the variability of
safety factor of 3D reinforced slope decreases when soil spatial heterogeneity is more significant in vertical
direction.

Figure 4 indicated the effect of horizontal auto correlation distance on PDF and P, . The similar conclusion
can be drawn in Figure 4. From a physical point of view, larger auto correlation distances imply a stronger
correlation of soil properties between discrete points and therefore a greater probability of producing a more
homogeneous soil during random field generation. This indicates that larger auto correlation distances cause a
higher variation of the calculated safety factor, because in that case mean value of the soil parameters significantly
change in each realization in random field.
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Figure 3. PDF of safety factor under different /,  Figure 4. PDF of safety factor under different /, and .

The observation also means that on sliding surface the fluctuation of soil parameters is more significant with
smaller auto correlation distances, and the simulated values are averaged to the mean value along the slip surface.
This is the reason why the smaller the auto correlation distance results in the failure probability. For example, the
failure probability decreases from 3.41 x 102 to 1.02 x 102 when /, varies from 4 to 1 m with/, and /. being
20 m).In addition, it is known from Figure 3 and Figure 4 that PDF curve is subject to greater fluctuation with /,
than with /. and /_,.This means that /, give a more impact on the probability results.

5.2 Influence of variation coefficient on failure probability

Figure 5 shows the effect of COVc on P, in the range of COVc=10% to 50%, where /,=1m, 2m and 4m.It
is found that P, increases with the increase of COVc and its relative increment grows sharply with the
increasing of COVc . For example, the failure probability increases from 2.24x10* to 1.95x10? by arising
COVe from 0.1 to 0.3, increases from 1.95x102 to 1.39x10" with COVe from 0.3 to 0.5 when /, is equal to
2m. This suggests that ignoring the spatial variability of soil parameters will overestimate the reliability of the
slope and raises potential risk in slope engineering. Figure 5 also shows that lager vertical auto correlation distances
lead to a great possibility of failure. This is consistent with the finding in the above section.

Figure 6 shows the effect of COVe on P, where COV@ ranges from 5% to 25% due to the variability
of ¢ in practice is lower according to Luo (2016).Similar to Figure 5, Figure 6 shows that P, grows when
COV¢ increases. In addition, a comparison of Figure 5 and 6 indicate that COV® has a more significant effect
on P, than COVc.Forexample, P, increases from2.24x10*to 1.95x10 by arising COVe from 0.1 to 0.3,
increases from 9.53x10* to 6.66x102 with COV¢  from 0.05 to 0.25 when /, is equal to 2m .
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Figure 5. Influence of COVc on failure probability ~ Figure 6. Influence of COV¢ on failure probability

5.3 Effect of pile position X, /L, and pile spacing D, /d, on the probability of failure

Figure 7 shows the effectof X, /L, (0,0.25,0.5,0.75and 1) on P, ofreinforced slope with different D, /d,

(1.5,2and2.5) .Itis found P, decreases with X, /L, increasing from 0, reaches the minimum value when
X, /L, equalsto 0.6, and then increases as X / L, varies from 0.6 to 1.This observation shows that the piles
have the best reinforcement effect when X, / L, in the range of 0.5 to 0.75.

It also can be found that the pileless slope is basically in an unstable state (P, is 69.1% at X, /L,=0) but
when piles are installed at the most effective position, the risk of slope failure is slight( P, is 5x10-6 around at
X,/ L,=0.5).This indicates that installation of the anti-slip pile at appropriate position can significantly reduce
possibility of slope instability. Notice that the P, is also relatively large when the X, /L, in the range of 0 to
0.25 or 0.85 to 1. This indicates that in practice the placement of piles should be carefully considered, otherwise
the expected reinforcement effect will not be achieved. As expected, Figure 9 shows that P, increases with
increasing D, /d,. It is worth noting that variation of D, /d, has slight influence on the optimal installation
position of the pile.
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5.4 Effect of width-to-height ratio B/ H on failure probability

Figure 8 shows the effect of B/H on P, of reinforced slopes at different D, /d, It is found that the failure
probability increases with the increase of B/ H .For example, the failure probability increases from 4.68x10-3 to
1.68x10-2 by improving B/H from 1 to 2.5 when D,/disequal to2.5. B/ H has an important influence on
the reliability of slope stability, which corresponds to the observed decrease in the safety factor with increasing
B/H (Pan 2017). It is noteworthy that the extent of change in P, increases with increasing D, /d,. For
instance, P, increasesby 6.1x10” > 2.8x107 and 1.2x107 respectively with B/ H from 1to2.5when D, /d,
is equal to 1.5, 2 and 2.5. For instance, the probability of failure increases by 6.1x107 > 2.8x10 and 1.2x107?
respectively with B/ H from 1 to 2.5 when D, /dis equal to 1.5, 2 and 2.5.More attention should be paid to
piled slopes with larger D, / d,, when considering the increasing P, due to the increasing of B/ H .
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6 Conclusions

In this paper, the reliability analysis of pile-reinforced slopes with width constrained is carried out with the
consideration of spatial variability of soil strengths. The main conclusions are as follows.

1. The variability of safety factor, together with the failure probability of pile-reinforced slopes increases with
the growth of auto correlation distance, in which the effects of /, are greater than /. and /..

2. The failure probability of pile-reinforced slope increases with the increase of the variation coefficient of
cohesion and friction angle. Especially, P, is more sensitive to the variation of friction angle than cohesion, in
the given range of parameters.

3. Pile design parameters X, /L, and D,/d, has considerable influences on the failure probability of
pile-reinforced slope. The change of P, with X, /L, indicates that the effective position to install the pile is
the middle of the slope surface (X, /L, =0.6). Placing the pile at a non-suitable position, for instance, on the
bottom (1/4-1/3) of the slope surface, will lead in a failure of reinforcement from a failure probability view (
P, >0.2),

4. The failure possibility of pile-reinforced slope considerably increases with the slope width. It is
recommended to consider the 3D effect in reliability assessment or reliability design when pile-reinforced slope is
constrained in width.
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