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The Bayesian approach is commonly used to track the progression of a degradation process and update the reliability
of a component. However, there is a wide variety of components in which the failure cannot be attributed to a single
well-defined degradation process, and inspection techniques are unable to quantify the state of degradation. For
such components, only maintenance records pertaining to the timing of corrective and preventive maintenance are
available. This paper focuses on developing an adaptive method to update the reliability and revise the maintenance
interval based on the survival history of a component. The paper presents a Weibull mixture model to account for
heterogeneity in the lifetime data. The posterior model parameters are estimated through Bayesian updating. The
proposed method is illustrated using the lifetime data obtained for a group of level control valves used in steam
generators of a Canadian nuclear power plant.
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1. Introduction reliability updating/tracking model. In this ap-
proach, the prior distributions of model parame-
ters are updated based on the component-specific
information. In the literature, most studies apply
the Bayesian approach to condition-based main-
tenance policy driven by a stochastic degrada-
tion process, such as the gamma process Grall
et al. (2002). These models primarily include the
parameter uncertainty, which is updated as the
new degradation measurements become available.
However, such models are only applicable when a
well-defined degradation process can be identified
and observed through inspections.

In a power plant, there is a wide variety of com-
ponents in which the failure cannot be attributed
to a single well-defined degradation process. Or,
inspection techniques are not available to quan-
tify the underlying degradation process. For such
components, only time to failure and time to main-
tenance records are typically available as a basis
for the reliability analysis. This paper focuses
on developing an adaptive method to revise the

Reliability-based approaches, such as time-based
and condition-based policies, are commonly used
to determine the maintenance (or replacement/
overhaul) interval for engineering components.
The time-based policy, such as the age-based re-
placement policy, requires only the lifetime distri-
bution of the component, whereas a degradation
process model is a key input to the condition-
based policy. Both approaches are static in nature,
given only the point estimates of the model param-
eters, i.e., the calculated reliability for any given
time interval or an optimum maintenance interval,
are fixed quantities for all similar components in
the population. Reliability updating or tracking is
possible only by conditioning on the evidence of
the survival of the component over its life. This
tracking is also static, i.e., conditional reliability
(or mission reliability) versus component age can
be calculated before using the model parameters.
Recognizing this aspect, the Bayesian ap-
proaches have been used to build a dynamic
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maintenance interval for a group of components
based on their performance, i.e., survival over
a period. An evident approach would be to up-
date the parameter uncertainty associated with the
lifetime distribution of the component. However,
experience suggests that component failures can
be classified into two broad categories: (1) Early
failures of components with manufacturing flaws
and inadequate overhauls (i.e., weak components),
(2) late failure of robust components (i.e., strong
components). Therefore, reliability tracking can
identify which group the component belongs to.
Accordingly, its maintenance interval can be re-
vised.

This paper presents a Bayesian mixture model
for reliability tracking of engineering compo-
nents. A probabilistic mixture model accounts
for the existence of underlying sub-populations
within a larger population without requiring
knowledge of the specific sub-population from
which each observed lifetime data originates Tit-
terington et al. (1985); Everitt (2013); Ruhi et al.
(2015); Murthy et al. (2004); Carta and Ramirez
(2007). The proposed approach is illustrated using
the maintenance data obtained from level control
valves (LCVs) used at a nuclear power plant in
Canada.

The paper is organized as follows. Section 2
discusses the modeling of a heterogeneous pop-
ulation using the Weibull mixture. Section 3
presents the Bayesian approach for updating the
model parameters. Section 4 presents a case study
using the example of level control valves in a
steam generator. Finally, the conclusion and limi-
tations of the present study are discussed in Sec-
tion 5.

2. Modeling Heterogeneous Population
2.1. Background

General sources of heterogeneity in reliability
characteristics are variations in material proper-
ties, deviations in the manufacturing process, hu-
man error, and changes in operating conditions.
Because of this, it is postulated that such sta-
tistically different groups exist in the component
population. Therefore, the maintenance schedule
should depend on the membership of a component

to a particular group. This can achieved by the
Bayesian approach, which provides an opportu-
nity to update the prior distribution with available
lifetime data.

The lifetime distribution in a heterogeneous
population can be expressed as:

Fr(t1©) = wi fi(t/0k) (1)
k=1
where fy(t|®) is probability density function
(p.d.f.) of the mixture model, f%(¢|0)) is the p.d.f.
of kth component with parameters, 6y, and wy, is
the weight of kth component, and m is the total
number of components.

Each weight wy, represents the proportion of
observations expected to come from the associ-
ated distribution fj(-) and sum up to one, i.e.,
>, wi = 1. The various distributions f(-) can
be from the same family or different families.

2.2. Weibull Mixture Model

This paper considers a two-component (i.e., m =
2) mixture of Weibull distributions:

2
Fr(81©) = wy fi(t]0k) )
k=1
where, f(¢|0) denotes the pdf of Weibull distri-
bution given as,

ap—1 : %k
fk(twk):(%:) (i) A G R

01 = (a1,b1) and 03 = (a2b2) are the shape and
scale parameters of the first and second compo-
nents, respectively.

The number of components in a mixture model
can be identified using the Weibull quantile-
quantile (QQ) plot. This plot is a straight line for
a single Weibull distribution, while for the two
components, this is “S-shaped” with one inflec-
tion point. Jiang et al. Jiang and Murthy (1995);
Jiang and Kececioglu (1992) presented a graph-
ical method to roughly estimate parameters ©
for a two-component Weibull mixture. Similarly,
the Weibull probability paper plot (WPP) and
segmented rank regression can be used for an
approximate estimate of parameters Deganaksoy
et al. (2002). The estimates obtained from these
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methods are often used as a prior in Bayesian
methodology.

3. Bayesian Inference: Mixture model
3.1. Basic formulation

This Section presents the Bayesian updating of the
parameters, ® = (wq, ay, as, by, bs), of the two-
component mixture model (Eq. 2)

The first step is to formulate the likelihood
function for a sample of lifetime data, t;,i =
1, n, which includes complete and right-censored
lifetimes. Define a two-dimensional binary latent
variable z; associated with lifetime ¢; .
dom variable z; has a 1-of-2 representation in
which a particular element z;;, is equal to 1 and all
other elements are equal to 0 and satisfy the fol-
lowing condition for ith lifetime: z;;, € {0,1} and
> i zik = L. Further, let 6; denote a censorship
indicator, which takes value O or 1 accordingly:

The ran-

1 If t; is censored.
52' - ! . 4
{ 0 If t; is complete. @)

Now, given z; = {zi1,zi2," " ,Zin}, t =
{t17t27"' 7tn}’ and 6 - {51;627"' 75%},
the likelihood function p(¢,d,2|®) of two-
component mixture model can be written as:

2
P(t;6,210) = TT Confuttilon))™ | x

The first term in Eq. 5 is the contribution of com-
plete lifetimes, while the second term is due to the
right censored lifetimes.

According to Bayes’ theorem, the posterior dis-
tribution of parameters p(®l|t, 4, z) given the data

[ i [T (wrRi(i162))7* {5)
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(t, d, z) can be given as:

m(®)p(t, d, z|O) ©)
J 7(©)p(t, 8, z|©)dO©
Jp(t, 8, z|®) (7)

p(O|t, 8, 2) =

x (O

n 2
x m(O) H T (wefi(tilon)™ | x

1,6;=0k=1

2
H ’UJkRk t; |t9k )sz (8)

The model parameters can be estimated using
sampling methods. The methods like Metropolis-
Hastings, Affine-invariant Ensemble sampler, and
Transitional Markov Chain Monte Carlo (MCMC)
require careful tuning of proposal distributions to
achieve efficient sampling, which can be can be
time-consuming. On the other hand, Gibbs sam-
pling relies on conditional distributions, which
can directly be sampled without the need for pro-
posal distributions. This makes Gibbs sampling
more efficient and easier to implement. Hence, in
this paper, the MCMC algorithm has been used
to sample from the posterior distribution using a
Gibbs sampler. The Gibbs sampling is an itera-
tive procedure that generates samples from the
full conditional distribution rather than the joint
distribution of parameters Gelfand (2000). The
central concept behind Gibbs sampling is to up-
date the value of a parameter (say ;) by keep-
ing other variables fixed. This creates a Markov
chain, which, after several iterations, converges to
the joint distribution. The algorithmic details of
Gibbs sampling for WMM parameters is given in
Algorithm 1 on the next page.

3.2. Prior distributions

Generally, the prior 7(®) is chosen based
on the available domain knowledge, which
can be informative, semi-informative, or non-
informative. Assuming the independence of pa-
rameters the joint prior distribution 7(®) =
(a1, az, by, by, w) can be re-written as 7(@) =
m(aq1)7(by)m(az)m(ba)m(wy). The integration in-
volved in Eq. 6 is often challenging to per-
form, and hence, joint posterior distribution

p(®lt, d, z) is obtained through MCMC sam-
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Algorithm 1 MCMC sampling for WMM param-
eters using Gibbs sampler
1: Initialize:
2: Set 1initial values for model parameters
06170427/3)1»52,101-
3: Iterate:
4: for i =1to N do
iterations.
5: zj o~ plzjlty, w1, 01, a2,B1,P2))
wy’ (1 —wy)' "% f(tjlo,,B.,) > Sample
component assignment

> N is the number of

6: w1 ~ p(w1|zj,a1,a2,[)’1,/32) X
wlz T — w2 > Sample mixture
weight w;

7 o1 Np(al\t,d,z,ag,ﬁl,ﬁg) I>Sample
shape parameter o

8: /31 Np(ﬁ1|t,5,z,a1,a2,52) I>Sample
scale parameter (31

9: [6%)] Np(ag\t,é,z,al,/il,ﬁz) |>Sample
shape parameter o

10: ﬂg Np(ﬂ2|t,5,z,a1,a2,ﬁl) |>Sample

scale parameter (5

11: end for

12: Post-processing:

13: Discard the initial burn-in samples and retain
the remaining for inference.

pling. The gamma distribution has been chosen
as a prior for shape and scale parameters due to
its positive support, and the beta distribution is
selected for mixture weight:

wy ~ B(awlvﬁwl)
am |m ~ Galag,,,Ba,,); ¥V m=12

b |m ~ Galaw,,,Bp,,); ¥ m=12 (9)

where, Ga(-) denotes the gamma distribution with
hyper-parameters (o, 8;) and B(-) denotes the
beta distribution with hyper-parameters (o, 3y).
The hyper-parameters can be estimated by equat-
ing the mean (yt,, , 10, ) and variance (o2, 07 )
of parameters obtained from MLE or rank regreé-

sion method, as given in Eq. 10.

Qa,, . 2 Xa,,
Ha,, = S 0G4, = 2";Vm:1,2
Bam 2
Qa,, 2 Qq,,
M, = 10g,, = 5 Yvm=12 (10)
Bam Am,

3.3. Reliability Updating

Once the posteriors of WMM parameters are es-
timated, they can be used to update the reliability
function of the component. Further, the posterior
reliability function can be used to track the reli-
ability of a specific group of components, given
their survival history.

The reliability function Ry (/@) of the mix-
ture model can be written as:

2
Rarix(t]©) = > wiRi(t]6x) (11
k=1

The mission reliability Ry (t + z|t), i.e., the
probability that the valve will survive more than
(t 4+ x) years given that it has survived till time ¢,
is given by:

Ryy((t+1)|1) = Bigrftieid - 12)
where x is the mission duration or overhaul inter-
val of the component.

For a given time ¢ and mission duration z, the
Bayesian inference of mission reliability is per-
formed by drawing samples of ® from the poste-
rior distribution of model parameters p(®|t, 4, z)
using MCMC, and evaluating the expression
Rar((t + x)|t) for each sample. Additionally,
the simulated samples are used to estimate the
empirical density, mean, and credible interval of
parameters.

4. Case study: LCVs
4.1. Data

The level control valves (LCVs) are used to con-
trol the flow of water in a steam generator to main-
tain the required water level for steam production.
In a Canadian nuclear reactor, 4 steam generators
(SGs) are used, and each SG is equipped with a
set of 3 LCVs. There is one small valve (6” size)
and two large (10” size) ones. The three valves
are arranged in parallel (called a valve station)
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and operated by a control program. During regular
operation at high unit load, i.e., reactor power
greater than 40% capacity, only one large LCV
is normally kept in service at any one time, the
other large valve in standby mode. In this case,
the small valve is kept in a close position. The
small valve operates during the low unit load with
reactor power less than 20% full power.

In this study, maintenance data for LCVs were
obtained from a 4-unit station consisting of 16
steam generators and 32 from the data obtained
for large LCVs (10” size) Pandey et al. (2024).

0.3

0.2

) I III
. i Hl__
0 1 2 3 4 5 6 7 8 9

Life-times (Yr.)

Density

Fig. 1. Histogram of LCV lifetimes

For each valve, 10 to 20 years of maintenance
data are available from the maintenance work
order (WO) database, which provides informa-
tion about occurrences of various types of fail-
ures/malfunctions, repair actions, and the history
of overhauls. Based on WO information, the life
histories of 32 LCVs were extracted; a histogram
of these lifetimes is presented in Fig. 1.

Failure Mode

0 10 20 30
No. of failures

(b)

Fig. 2. Number of valve malfunctions (a) across vari-
ous units (b) in different modes

Figure 2 presents the total number of valve
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malfunctions for a given valve type across various
units and across various failure modes. There is a
high degree of variability in the number of mal-
functions across the valve population. Similarly,
most of the failures are due to the malfunctioning
of the actuator, followed by the control failure.
This paper analyzes the failure of LCVs due to
actuator malfunctions.

4.2. Model Fitting

30 .
~ 20 7
& -1
210 ~2
g °
i 5
k] iy
=
3
[
€
& 1

0.5

N o e )
o o
Time (yr.)
Fig. 3. Weibull probability paper plot for LCV data

The complete lifetime data are plotted on the
Weibull probability paper as shown in Figure 3.
Figure 3 reveals the presence of two distinct seg-
ments with a noticeable slope change occurring
around 0.6 years. This justifies the use of a two-
component mixture model.

The lifetime data consists of 27 complete and
108 right-censored lifetimes. The heavily cen-
sored nature of the LCV data set poses signif-
icant challenges for parameter estimation using
MLE. In such scenarios, the EM algorithm often
struggles to converge or converge to a local maxi-
mum rather than the global optimum Elmahdy and
Aboutahoun (2013); Moon (1996). Hence, seg-
mented rank regression has been used to estimate
prior parameters. Table 1 presents the estimated
parameters of two-component WMM using this
method.

From Table 1, it can be seen that the 1%* com-
ponent has a shape parameter greater than one,
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Table 1. Parameters estimate using rank regression
Shape 95% C.I Scale 95% C.L R? value

Component-1  2.17  (197,241) 196 (1.60,2.39) 0.98

Component2 072 (0.67,0.78) 2950 (2340,37.20) 096

indicating an increasing hazard rate and early fail-
ure. On the other hand, the 2"¢ component shows
a decreasing hazard rate and captures improv-
ing conditions due to maintenance or a smaller
number of failures with time. In other words, the
two components of WMM are able to model the
heterogeneity present in the lifetimes of LCVs.

For the Bayesian inference, gamma distribu-
tions have been selected as priors for the shape
and scale parameters, while a beta distribution for
the weight parameter. The hyper-parameters are
obtained using the method of moments, i.e., the
mean and variance of the estimates reported in
Table 1 were used to calculate hyper-parameters.
Thus, the prior distributions are specified as fol-
lows: a1 ~ Ga(24,11), by ~ Ga(45,22), ag ~
Ga(250,350), by ~ Ga(33,1.2), and w; ~
B(4,6). These distributions are also plotted in
Fig. 4.

(a)1.00 (b)1.5
w7
T 0.
& 025 0.5
0.04; : : : }
0-00 1 2 3 a4 10 15 20 25 3.0
ai by
(c) (d).08 (e)3
.6 0.06
g4 0.04
2 0.02
0 0.00+:
0.751.001.25 10203040 020 40.60.8
ap by Wi
Fig. 4.  Prior for parameters (a1, b1, a2, ba, w1)

Using these priors, 10,000 samples were drawn
from the joint posterior distribution, and the first
5000 samples were discarded as burn-in, and the
subsequent 5000 samples were retained for poste-
rior analysis.

The trace plots exhibit rapid oscillations around
a central value for all the parameters, showing
no long-term trends or drifts (see autocorrelation
plot in Fig 6 ). This indicates good mixing and

confirms that the chain has converged to its target
distribution. Furthermore, the running mean and
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W1

10.0
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2.54
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0.0 0.1 0.2 0.3
value

Fig. 5. Estimated density of WMM Parameters

auto-correlation plots for the two simulated chains
reveal that the correlation becomes negligible after
three lags, indicating that the samples are drawn
from a stationary distribution. Moreover, it was
found that the model converged after 500 sam-
ples. In other words, sufficient draws have been
obtained to summarize the posterior distribution
accurately, and additional samples will not signif-
icantly influence the parameters estimate.

The estimated mean and various quantiles of
parameters a1, ag, b1, be, w; are given in Table 2.
A close observation of the numerical value of two
Weibull distributions, i.e., W7 ~ (1.91,2.13) and
Wy ~ (0.75,30.80), reveals that they correspond
to the weak and strong weak components, respec-
tively. The shape parameter of the weak compo-
nent is greater than 1, indicating an increasing
hazard rate and early failure. However, the strong
component, the major contributor (wy = 1—w; =
0.9), shows a decreasing hazard rate and a larger

819



820

1 2

0.8
0.4

0.0 L-

‘e

3

© o o
o b @

o » @
I
F

Autocorrelation
o o o

I.
e
I.
I

o o o
o » @
—
| g

[ ]

f

|

_

0.8

m

0.4 |L
O e ——
0 5 10 15 200 5 10 15 20
Lag

Fig. 6. Auto-correlation plot for two MCMC chains

scale factor.

Table 2. Posterior estimates of WMM parameters

Mean (sd)  2.5% 25% 50% 75%  97.5%

ay 1.91 (0.40) 1.25 1.64 1.87 2.16 2.80
as 0.75 (0.04) 0.67 0.72 0.75 0.78 0.83
b1 2.13(0.32) 1.53 1.90 2.11 2.33 2.78
by 30.80(4.77) 2235 2743 3046 33.81 40.92
wy  0.10 (0.04) 0.03 0.07 0.09 0.12 0.18

4.3. Reliability analysis

Figure 7 shows the probability density function
of WMM and its two components. The posterior
mixture model has been used to compute the valve
reliability curve (see Eq. 11). Figure 8 plots the
median reliability and 80% credible interval. This
can be used to determine the overhaul interval of
a newly installed valve. For example, for a 4-year
overhaul interval, the median reliability is 0.73
with an 80% credible interval of (0.69 to 0.77).
The overhaul interval of an in-service valve can
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0-100 -- Weibull component-1
-- Weibull component-2
0.075 — Weibull mixture
5 0.050
0.025
0.0001 R
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Time (yr.)

Fig. 7. PDFs of the Weibull components and the mix-
ture

18 20

0 2 4 6 8 10 12 14 16
Time (yr.)
Fig. 8. Median valve reliability and 80% credible in-
terval

be updated based on the conditional reliability
curve, also known as mission reliability. For a
valve of age t, its reliability over an overhaul
interval = can be computed using Eq. 12.

Figure 9 presents the mission reliability curves
for x+ = 4 and 6-year overhaul (OH) intervals.
Consider the case of x = 4 year, a valve of age
2-year will have a median reliability of 0.8 for the
next 4-year interval. As the valve age increases,
the mission reliability gradually increases. A valve
of age 6-year will have 0.85 reliability. If the target
reliability of a valve is 0.8 over its OH interval,
then this requirement is satisfied for a valve with
an age greater than 2 years and an OH interval of 4
years. In the case of a 6-year OH interval, a valve
of age 4-years will achieve the median reliability
of 0.8. In this manner, the updated OH interval can
be estimated for in-service valves.
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Fig. 9.
tracking

Conditional reliability curves for reliability

5. Conclusion

In this paper, a Weibull mixture model has been
presented to model the lifetime data of hetero-
geneous component populations. The Bayesian
method is proposed to update the reliability and
overhaul interval of in-service valves in a more
adaptive way. The reliability of a specific com-
ponent can be tracked as a function of its age
along with appropriate credible intervals. As an
illustration, The proposed approach is applied to
update the overhaul interval of level control valves
in a nuclear power plant. In future, the sensitivity
of prior parameters on the reliability prediction
will be examined.
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