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This study presents an approach to evaluate the Continuous-State Survival Functions (CSSF) of structural systems,
considering the degradation of individual components and their arrangement within the system. System reliability is
quantified using the Diagonally Approximated Signature (DAS), a framework that separates the system’s topological
configuration from the probabilistic behavior of its components, enabling efficient reliability computation. Although
traditional survival signature methods assume binary states, this work extends the concept to accommodate
continuously degrading components. Component reliability is evaluated through a physics-based degradation model,
integrated with results from visual inspections of the structure. The proposed approach is demonstrated on a
reinforced concrete girder bridge structure affected by corrosion. The system components - namely the bridge
girders - are characterized by different deterioration processes. The DAS acts as a surrogate modeling approach and
provides an efficient alternative for costly Monte Carlo simulation. The proposed procedure includes deriving CSSFs
for structural elements and then propagating these through the DAS to quantify the CSSFs of the bridge. Thus, this
paper constitutes a further stepping stone for stochastically simulating large-scale systems for infrastructure network
reliability analyses under various degradation dynamics.
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1. Introduction threaten the reliability of the object; at the higher
1.1. Motivation of the study level, bridges serve as critical links in road or
rail networks, and their failure jeopardizes the
functioning of the entire system. Assessing how
component deterioration affects overall system
performance is critical to optimizing maintenance.
Data about bridge condition is managed through
Bridge Management Systems (BMS), which store
results of visual inspection at different infras-
tructure levels — damage, component, and bridge.

Concrete bridges are critical for transportation and
economic activities, but they are subject to in-
creasing damage, the main cause of which is cor-
rosion. Limited resources for maintenance make
timely intervention difficult, emphasizing the need
for efficient resource allocation. The bridge in-
frastructure follows a hierarchical structure: at the
lower level, structural components deteriorate and
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Condition is assessed on a discrete scale, but
data imbalance, with most bridges in good con-
dition, complicates the prediction of future deteri-
oration. To overcome these challenges, condition
data can be combined with physical models, such
as mechanistic-empirical models for corrosion.
These models quantify degradation by linking
physical variables to damage progression, improv-
ing predictive accuracy.

This paper assesses the reliability of a bridge
structure by accounting for the time-dependent
degradation of its components and their arrange-
ment within the system. Component degradation
is modeled using a physics-based approach, in-
tegrated with visual inspection data. Bridge re-
liability is expressed through a Continuous-State
Survival Function (CSSF), extending the survival
signature concept to components with continuous
states. To efficiently evaluate the CSSF, the Diag-
onally Approximated Signature (DAS) surrogate
modeling approach is employed. The method-
ology is demonstrated on a reinforced concrete
girder bridge affected by corrosion. The paper
is organized as follows: in Sec. 2, mechanistic-
empirical physical models describing corrosion
initiation and progression are presented in Sec.
2.1; the approach to derive CSSF is described
in Sec. 2.2. An application of both methods is
presented in Sec. 3. Sec. 4 provides an overview of
the proposed research and outlines possible future
developments.

1.2. Damage evaluation based on visual
inspection

The SIB-Bauwerke (SIB-BW) database is a key
component of Germany’s BMS, storing inventory
and condition data from periodic visual inspec-
tions on bridge structures. Primary inspections
occur every six years, with secondary inspections
in between.

SIB-BW is structured hierarchically into bridges,
components (e.g., superstructure, substructure),
and damages. Damages are identified, described
by location and extent, and classified into five
discrete damage classes (DC 0—4). Condition as-
sessments consider impacts on ultimate, service-
ability, and durability limit states, with an algo-
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rithm aggregating damage severity and extent at
component and bridge levels.

Reinforced concrete bridges are prone to vari-
ous degradation processes. One of the most well-
known processes is corrosion, which manifests as
concrete spalling and exposed, corroded rebars.
Corrosion can be modeled using partial differen-
tial equations. Specifically, analytical models can
be derived for the time of corrosion initiation and
its progression.

As corroded rebars expand in volume, they cause
the concrete cover to crack. A key physical pa-
rameter for describing corrosion progression is
the width of the crack resulting from corrosion
products on the concrete surface. A correspon-
dence can be established between the DC as-
signed during visual inspection to concrete cover
cracking and spalling and the output parameters
of mechanistic-empirical degradation models. A
qualitative description of the evaluation process
based on visual inspections and the corresponding
DC is presented in Table 1. This table serves as a
reference for inspectors to assess damage. It also
illustrates the relationship between the qualitative
evaluation of the DC and the output parameter of
the mechanistic-empirical model. An interval of
values for the physical parameter can be identi-
fied, which corresponds to a specific DC.

Table 1.: Damage classes in SIB-BW to assess the
degradation due to corrosion and related values
of the physical parameter considered, i.e., crack
width on the concrete cover due to corrosion prod-
ucts.

DC  Description Physical Values range
parameter
No damage /
0 Chloride / /
contamination
Corrosion .
| initiation, Crackwidth .05 < w < 0.4
cracking
Corrosion .
2 propagation, lC[}rack widih 04 <w<0.8
cracking
3 Conc_rele cover  Crack width 08 <w< 1.2
spalling w
Rebar
Advanced diameter S
4 corrosion reduction Prea > 15%
Pred
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2. Methods

2.1. Mechanistic-empirical model for
chloride induced corrosion

Mechanistic-empirical deterioration models for
reinforced concrete (r.c.) elements were estab-
lished as part of the DuraCrete project DuraCrete
(2000) and serve as the basis for the probabilistic
durability design of r.c. structures (fib (2006)).
Assuming that corrosion is due to the presence of
chloride, the time of corrosion initiation ¢; can be
computed in the following way

T2 - Cor\172
[ (-]

1 I—n

(DOfT(t)fRH(t)KeKthtg) (1)
where x. is the the concrete cover in mm, Cl,
is the critical chloride concentration, Cy is the
surface chloride concentration, Dy the empirical
chloride diffusion coefficient in mm? /year, K. is
the environmental factor, K. is the curing factor,
K, is the test method factor, ¢y is the age of the
concrete when the compliance test is performed
in years, n is the age factor. f7(t) is the temper-
ature effect on diffusion coefficient (Stewart et al.
(2011))

B (1 1
fr(t) = exp {E (ﬁ - m)] @

where E = 40 k.J/mol is the activation energy of
the diffusion process, R = 8.31410% kJ/molK
is the gas constant and T, (t) is the average tem-
perature at year ¢. frH (t) is the the influence of
relative humidity on diffusion coefficient

fru(t) =exp {1 _ (100 — RHav(t))4:| -

(100 — 75)*

3)

where RH,,(t) is the is the average relative hu-
midity at year ¢.
Cs is the surface chloride concentration, which
depends on the exposure category of the structural
element, i.e. submerged, splash, tidal, and atmo-
spheric zone, and it is described by the following
expression (DuraCrete (2000))

Ad% +eq )

where A, is a regression coefficient, 3 is the the
water to cement ratio and €; is an error term.
Corrosion of steel reinforcement begins when the
chloride concentration exceeds the critical thresh-
old C.,.. This process produces corrosion products
that expand, taking up more volume than the orig-
inal steel rebar. As a result, the concrete cover
develops cracks, which may eventually lead to
spalling. The width of the cracks is determined in
the following way

w (t) = wo +b[p(t) — po) (5)

where wyq is the initial width of the visible crack
in mm, b is the parameter which controls the
propagation and depends on the position of the
rebar in mm/pm, po is the value of the corrosion
penetration necessary to produce a crack in pm,
p (t) is the corrosion penetration at time ¢ in pm.
The corrosion penetration py needed to open a
crack can be assessed in the following way
x

po = ai + azgC +asfe (6)

where a1, as, ag are regression parameters, . is
the concrete cover depth in mm, d is the diameter
of the steel rebar in mm, f.; is the concrete tensile
strength in N/mm?. The corrosion penetration at
time ¢, p (t), is evaluated as

p (t) = icorr(t)wt (t - tz) (7)

where w; is the relative time of wetness; ¢; is
the time to corrosion initiation; 4.o.-(t) is the
corrosion rate at time t in mm/year, which depends
on temperature and is estimated starting from the
value at 20°C (icorr,20) as

7;cor‘r (t) = icorr,QO [1 + K (T (t) - 20)] . (8)

2.2. Continuous-State Survival Function

This section outlines basic concepts for modeling
and assessing engineering systems. The concepts
of survival signature in the binary-state considera-
tion and the DAS in the continuous-state case en-
hance computational efficiency when probabilistic
system behavior is evaluated for various scenarios.
Further, the CSSF is recalled, which is central to
the work presented in this paper.

State vector: Consider a system as a collection
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of components connected in a specific arrange-
ment and intended to perform a specific task.
Both the system’s state and the components’ state
can be represented by a) binary-, b) multi-, or
¢) continuous-state variables, where either two, a
finite, or infinite number of states are allowed: 1)
complete functioning (1), 2) complete failure (0),
and potentially 3) intermediate levels of function-
ality. The state vector describes the operational
status of the system’s components. Traditionally,
itisavectorz = (x1, 2, ..., T,) € {0, 1}"
for a system comprising n components, where for
each component i, x; = 1 if this component is
working and z; = 0 if it is not working (Rausand
and Hoyland (2003)).

Structure function: The operational state of
the system as a whole is a function of the com-
ponents’ states. The structure function is defined
asa) ¢ : {0, 1} — {0, 1} in the binary case,
b) ¢ : {0,s1, 82, ..., 1} = {0, 51, s2, ..., 1 } from
the multi-state perspective, and ¢) ¢ : [0, 1]" —
[0, 1] for the continuous-state consideration. It
indicates the working state of the system given
a state vector depending on the modeling per-
spective a), b), or ¢) Winnewisser et al. (2023).
The modeling perspectives a) and c) are the most
significant ones. Firstly, b) can be constructed
by combining multiple binary structure functions.
Secondly, c) acts as a generalization of a) and b)
and can be reduced to both representations ac-
cordingly. In fact, for numerical methods in time-
dependent considerations, c¢) typically has to be
discretized in time and space, resulting in b).
Coherent system: An important class of systems
is known as coherent systems. A system is coher-
ent if the structure function ¢ is monotone and
non-decreasing, i.e., ¢ (x) < ¢(y) if v < vy,
and there are no irrelevant components, i.e., each
component influences the system performance at
some point (Rausand and Hoyland (2003)).

This study restricts the analysis to coherent sys-
tems, i.e., coherent structure functions. Neverthe-
less, this is a realistic assumption, as decreasing
the functionality of components should not in-
crease the system’s functionality from an engi-
neering perspective.

Continuous-state reliability analyses: In this
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case, consider the binary-state structure function
¢(x) : {0, 1} — {0, 1} to describe the system
topology. This requires setting functional thresh-
olds that differentiate between the working and
non-working states of components and the overall
system. The structure function can be established
based on Reliability Block Diagrams (RBD) that
incorporate logical operators, such as and- and
or-statements. As an alternative, thresholds can be
applied to more complex simulation models map-
ping component variables to the system perfor-
mance. Given the probabilistic properties as Cu-
mulative Distribution Functions (CDF) Fy (¢) that
characterize time-dependent failure events of all
components, the survival function of the system
R, (t) can be computed as Ry(t) = P(¢(x) =
1|x ~ Fx(t)). Thereby, a failure event considers a
transition of a component or system state from 1 to
0. Thus, the survival function of the system is the
probability that the system works at time ¢ > 0,
and it can be calculated based on the structure
function (Rausand and Hoyland (2003)).
Similarly, the CSSF is informative when en-
gineers are challenged for more comprehensive
reliability analyses. It is denoted as R, (s,t) and
quantified as the probability P(7;, > t|s) that
the random variable 7, characterizing the random
failure time of some entity u is greater or equal to
time ¢t € R for a given state s € [0,1]. This is
strongly related to the so-called continuous-state
reliability of this entity, defined as R,(s,t) =
P(S, > s|t) for the random entity state S,,. Note
that R, (s,t) = P(Ty, > tls) = P(S, > st)
in the case when R, (s,t) is monotonically de-
creasing, e.g., for monotonically increasing degra-
dation processes. This aligns with the binary-
state survival function defined as R, (t) = 1 —
CDF,(t), a time-dependent reliability measure
for monotonically decreasing processes assuming
a single state threshold. Computing the CSSF of
a system requires the definition of a continuous-
state structure function. Thus, consider R(s|t) =
P(¢(x) > s). In a numerical scheme, the time
and state domains are discretized.
Continuous-state survival signature: In Win-
newisser et al. (2023) the Diagonally Approx-
imated Signature (DAS) was introduced to ex-
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actly compute or at least find a lower bound for
the CSSF of a system given its continuous-state
structure function. Based on Winnewisser et al.
(2024), the fundamental formula for systems with
K component types can be stated as

o 1
Ry, (s]t)]*
1;[1 [Ra, (s]t)] )

k
Ry (B(5, L, p)|t) =Ry (s[t)]™ 7,

where [, is the number of components working
in or above state s, [ ;, is the number of compo-
nents of type k working in state s, P(ls) = (l”)
represents the number of possible permutations
given [, and is equal to the binomial coefficient,
and R,, (s|t) is the CSSF value of component
type k € {1,2,..., K}. Further, ®(s,ls,p) is
the fundamental form of the DAS. Its assignments
for state s, [5, and permutation p € 1,2, ..., P(l;)
are the minimum values s* fulfilling ¢(s*) > s
along the diagonals of subspaces Q5. , C Q =
{¢(x) > s}. The permutations of the vector
(za,xp) with a € {ilz; > s} and b € {i|z; < s}
fori € 1,2, ...,n define these diagonals.

Aggregation of ®(s,l;,p) in terms of com-
ponent types and values in close neighborhoods
are discussed in Winnewisser et al. (2024) and en-
able significant computational efficiency for anal-
yses requiring repeated model evaluation. The
accuracy depends on specific properties of the
continuous-state structure function discussed in
Winnewisser et al. (2023). The concept of DAS
achieves accurate results for structure functions
that are evaluated in comparable multi-state and
continuous-state literature, see Eryilmaz and Tun-
cel (2016) and Liu et al. (2018), respectively.
Further, the DAS extends the applicability of the
beneficial separation property, initially introduced
in Coolen and Coolen-Maturi (2012) with the
concept of survival signature, to continuous-state
structure functions that are not diagonal state neu-
tral and extreme. For example, structure functions
based on series- and parallel or min- and max-
operators are diagonal state neutral and extreme;
see discussions in the DAS literature.

3. Application
3.1. Introduction

An application of the proposed approach is
demonstrated using a reinforced concrete bridge
structure affected by corrosion. The structure is
a slab bridge that is simply supported by two
girders. Figures 1 illustrates the longitudinal static
system of the bridge and the cross section. In the
cross section, the static system can be modeled as
a series system characterized by two components,
namely the two girders.

Bridge static system

| |
A 58

Bridge cross section

Reliability block diagram

W
Gl G2

mmm  Concrete spalling and exposed reinforcement bars

Fig. 1.: Bridge static system and cross section,
with areas of concrete spalling and exposed rebars
highlighted.

Table 2.: Results of visual inspections carried out
on the r.c. girder bridge.

Year Location Damage DC (DLS) DC (ULS)
2018 Girder 1 Corrosion 1 3
2024 Girder 1 Corrosion 1 3
2018 Girder 2 / 0 /
2024 Girder 2 Corrosion 2 3

The bridge, built in 1979, underwent visual in-
spections in 2018 and 2024, revealing corrosion in
its girders. Damage includes concrete spalling and
exposed rebars, varying between girders (Table 2).
The first girder received a DC of 1 in both inspec-
tions, while the second had no recorded damage in
2018 (DC 0) but was rated DC 2 in 2024. Concrete
spalling and exposed rebars reduce bending re-
sistance, affecting structural safety. Parmiani and
Orta (2022) found that when exposed reinforce-
ment spans 63% of a beam’s length, ultimate mo-
ment capacity drops by 12%, with similar findings
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in Cairns and Zhao (1993). This study assumes
resistance reduction depends on both exposed re-
inforcement length and time. Using mechanistic-
empirical models (Section 2.1), a 15% reduction is
estimated, represented by a coefficient K4, where
K4 = 1 indicates sufficient reliability and Ky =
0.85 insufficient reliability.

3.2. Approach to integrate physics-based
model for corrosion progression and
results of visual inspection

Table 3.: PDFs for the parameters of the
mechanistic-empirical model describing corrosion
initiation and propagation.

Parameter Mean St. Dev. Dist Unit
Cer 0,5 0,05 N [%]
T 3,3326 0,1371 LN [mm]
Ay (atm) 2,565 0,356 N [%]
£c1 (atm) 0 0,405 N [%]
ke (atm) 0,676 0,114 Ga [

K+ 0,832 0,024 N [-]
ke 1 - Det [-]

Dy 473 43,2 N [mm2/year]
to 0,0767 - Det [year]

n 0,3 0,12 B [-]
wo 0,05 0,005 N [mm]

b -4.8916 0.2712 LN [mm/pm]
ay 74,4 3,2 N [ um]
as 7,3 0,06 N [em]
as -17.4 5,7 N [um/Mpal
fet 0.53v/f.  0.08y/f. N [M Pa]
wy 0,75 02 N [

d 60 6 N [mm]

[ — 0,03 0,02 w [mm/year]
K(T > 20°) 0,073 0,015 N [-]
K(T < 20°) 0,025 0,005 N [-]

Based on the correspondence between DC and
the width of the crack caused by corrosion out-
lined in Table 1, approaches can be developed
to integrate the results of visual inspections with
predictions of damage evolution derived from
physics-based models. A possible approach con-
sists of the following steps: 1) Perform a Monte
Carlo simulation to generate degradation paths
based on the mechanistic-empirical model; 2) For
each degradation path, if the physical parameter
at time ¢ lies within the range associated with
the visual inspection DC, retain this degradation
path as a compatible path; 3) For each time step
t, randomly sample a value of the physical pa-
rameter from the set of compatible degradation
paths at ¢. If the value at ¢t 4+ 1 is lower than
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the value at ¢, set the value at ¢ + 1 equal to
the value at ¢ (ensuring non-decreasing behavior).
The output is represented by a sampled degra-
dation path that integrates visual inspection data
with model predictions. This approach provides
a means to account for uncertainty in the degra-
dation process and incorporates information from
both visual inspections and mechanistic-empirical
models, thereby enhancing the robustness of the
damage assessment process.

Table 3 shows the PDF for the input param-
eters of the mechanistic-empirical models which
have been considered to perform the Monte Carlo
simulation. Fig. 2 and 3 visualize the degradation
paths which are compatible with the results of
the visual inspections for girder 1 and girder 2,
respectively, and the sampled degradation paths
from the compatible degradation paths.

12 p

DCO
DC1
DC 2
DC3

o
o
|

o
o)
|

Crack width (mm)
o
[e2)
1

F— Results of inspection
___ Plausible degradation paths
} based on the physical model
—— Sampled degradation path
00 - o I i I I
0 20 40 60 80 100
Time (Years)

Fig. 2.: Degradation paths for girder 1.

DCO

DC1
1.0 - pc2
DC3

Crack width (mm)
(=]
()
1

0.4 -
—— Results of inspection
02 - Plausible degradation paths
- based on the physical model
—— Sampled degradation path
00— | I i I I
0 20 40 60 80 100

Time (Years)

Fig. 3.: Degradation paths for girder 2.
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3.3. Assessment of the continuous-state
survival function

The CSSF characterizing the degradation of the
structural elements is computed based on the
degradation paths generated as explained in Sec-
tion 3.2. To probabilistically quantify the state
variable x; for structural component ¢ with ¢ =
1,2,...,n in terms of degradation, compute its
CSSF as

Ry, (s]t) = E[I[a;(t) > s]]
N
SN

where x;(t) is the vector containing all samples
of z; at time step t. Following Eq. 10, Fig. 4

(10)

0.05

0.3375

0.625

Crack Width

0.9125

1.2 -
20 25 30 35 40

Years

Fig. 4.: Continuous-state survival function for
girder 1.

shows the CSSFs of girder 1 regarding damage
classes DC', characterizing crack width. In accor-
dance with the continuous-state system modeling
as ¢(x) : [0,1]"
states as s € [0, 1]. For each field of application,
it is essential to identify a mapping between the
measurable or computable variable and the corre-
sponding state variable z; for component ¢. In the
current case, a direct mapping was chosen to link

— [0, 1], consider normalized

the crack width ¢; to the state interval a; € [0, 1]
1, if ¢; < 0.05
wp= ¢ 0B 1 if0.05 > ¢; < 1.2

0 if¢; > 1.2

Then, Fig. 5 shows Ry, (s|t) of girder 2.

Damage State

20 25 30 35 40
Years

Fig. 5.: Continuous-state survival function for
girder 2.

Given a continuous-state structure function
characterizing the overall bridge system state de-
pending on the states of its structural compo-
nents, a CSSF can be computed that represents
the bridge safety regarding its degradation. In
these terms, a structure function composed of
min- and max-operators is a reasonable model as-
sumption. Thereby, the min-operator corresponds
to a series connection from a binary-state per-
spective, while the max-operator corresponds to
a parallel connection. In the case of two critical
structural elements without redundancy only min-
operators are appropriate. Thus, consider ¢(x) =
min(zy, za,...,2,) € [0,1] for a system with n
components and component states x; € [0,1].
Note that ¢(x) can also be evaluated based on
a more complex simulation model that accounts
for the structural integrity of the overall struc-
ture depending on degrading material parameters
of structural elements. For simplicity, the current
work is limited to a structure function in the form
of min(zy, T2, ..., Tp)-

The CSSF R, (s|t), probabilistically represent-
ing the safety of the considered bridge, can be
computed based on the specified R,,(s|t) and a
reasonable structure function, given as ¢(x) =
min(zq,z2) € [0, 1]. For this ¢(x), the CSSF for
bridge safety can be computed as

v =53, e
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These equations are based on the concept
of DAS, described in Subsec. 2.2. In fact,
for ¢(x) = min(zy,20,...,2,), Re(slt) =
Hszl [R., (s|t)]"**, in accordance to Eq. 9. This
comes from ®(s, [ 5, p) = s for each s, I5 , and
p when considering min(z1, 2, ..., ¥, ). Conse-
quently, [Ra, (B(s, sk, p)[t) — Ray (s]t)]™ '
reduces to zero as in Eq. 11.

Safety State
o o
o o

o
)
o

20 25 30 35 40
Years

Fig. 6.: Continuous-state survival function for the
bridge.

4. Conclusions

This paper presents a methodology to evaluate
CSSFs for structural systems. The methodology is
based on an extension of the concept of survival
signature to systems with continuous degradation
states. The concept of DAS provides a gener-
alized perspective and is employed to enhance
computational efficiency. This enables accurate
reliability assessment for a set of continuous-state
systems considered in conventional approaches
and provides a lower bound for more complex
system topologies. The case study, evaluating a
reinforced concrete girder bridge affected by cor-
rosion, where girders exhibit distinct deterioration
patterns, demonstrates the applicability of the ap-
proach. Time-dependent component degradation
is modeled through the integration of the physics-
based degradation model and visual inspection
results. The work demonstrates the method’s po-
tential for efficient reliability evaluation in ag-
ing infrastructure to facilitate simulation-based
decision-making.
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