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1. Introduction

NASA missions often involve the development of
new vehicles and systems that must be designed to
operate in harsh domains with a wide array of op-
erating conditions. Similarly, DNV works to safe-
guard life, property, and the environment across a
range of industries by ensuring that complex engi-
neered systems can be trusted to operate reliably,
even during rare and extreme events. DNV collab-
orates across various sectors to address the chal-
lenges of designing and operating safety-critical
systems. Both NASA and DNV deal with high-
consequence and safety-critical systems for which
quantitative data is either very sparse or pro-
hibitively expensive to collect. Limited heritage
data may exist, but is also usually sparse and may
not be directly applicable to the system of interest,
making UQ extremely challenging.

Recognizing the shared challenges in UQ
across different sectors, NASA Langley Research
Center and DNV Group Research and Devel-
opment have developed a challenge problem to
unite a community of researchers toward common
goals. While the problem formulation is presented

in a discipline-independent framework, the under-
lying application is consistent with the complexi-
ties of realistic systems. This collaborative effort
aims to advance methodologies in UQ that are
broadly applicable, enhancing safety and reliabil-
ity across various domains.

2. Uncertainty Quantification

This challenge problem adopts the generally ac-
cepted classification of uncertainty referred to as
aleatory and epistemic Agrell et al. (2023); Crespo
and Kenny (2014); Roy and Oberkampf (2011).
Aleatory uncertainty (also called irreducible or
stochastic) is caused by inherent variation or ran-
domness. As such, aleatory parameters are often
modeled as random variables. In contrast, epis-
temic uncertainty is caused by lack of knowledge
in the true value of a parameter. Therefore, epis-
temic uncertainty is not an inherent property of
the system, but instead it represents the state of
knowledge of the analyst. In the context of this
challenge, an epistemic variable can take on any
fixed value within a bounded set, and an aleatory
variable is represented by a probability distribu-
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tion.

The physical origin of a parameter as well as the
knowledge we have about it must be used to create
an Uncertainty Model (UM) for it. Intervals, fuzzy
sets, random variables, probability boxes Ferson
et al. (2003), etc. are commonly used classes of
UMs.

Because most models — especially those char-
acterizing uncertainty — are imperfect, the possi-
bility of improving them always exists. A reduc-
tion of the uncertainty in an epistemic variable is
attained by reducing the size of the set where the
true value of such a variable is expected to be. This
reduction can be attained by performing additional
physical or computational experiments.

3. Framework

The general problem framework is described here,
and specific details like the number of dimensions,
datapoints, etc. will be available from the simula-
tion model and data.

We consider a physical system whose state is
represented by an input vector X and a corre-
sponding multivariate time series Y. There will be
uncertainty associated with both the input X and
the conditional response Y|X.

3.1. Input X

The input X contains parameters that describe a
physical structure and its environment. Typically
X € R" with dimensionality in the order n, ~
10. For this challenge problem, the relevant range
of X is standardized and we let X € [0, 1]"=.
The components of X have different characteris-
tics, and we will write X = (X,, X¢, X.) as the
combination of three vectors where

e X, € R"e is an aleatory variable whose
value varies randomly.

e X, € R" is the epistemic variable
whose true value X} is unknown.

e X, € R"e is the control variable whose
value is to be set by the analyst.

3.2. Response Y

The time-varying response of the system Y de-
pends on the input X and an additional aleatory

variable w. Thus for any fixed X = x, the response
Y. (x) = Y(x,t) is a stochastic process. In particu-
lar, Y for any given input X and w is a multivariate
time series. Formally, we can write the response
model as

Y/(X,w) =YX, w,t) = [ViX,w,1),...,Y,, (X ,w,1)],

H

where Y; € Rfori =1,...,n,, X € [0,1]",
t € [0,1], and w belongs to a probability space
(Q,F,P,). We assume that w and X, are inde-
pendent. In the computational model, the depen-
dency of the response on w is controlled by a seed
parameter s. Users will be able to specify both X
and s when evaluating such a model.

The data obtained as output from the compu-
tational model, as well as data obtained from the
real system, will be 7, time series evaluated at m
discrete time steps ¢; where ¢t; = 0 and ¢,,, = 1.
This data takes the form ) = {y}7,, where
y® = y(t;) € R™. Thus, y](.i) fori =1,...m
is the univariate series corresponding to the j-th
response.

3.3. Computational model

A computational model for simulating the system
response having any given x and s as inputs will be
available to the respondents. This model will yield
the multivariate time series Y (Xq, Xe, X, ). A
software implementation of this model in a com-
piled binary and instructions on how to run it in
Python and MATLAB will be provided.

3.4. Data from the real system

The response of the true system is obtained by
specifying the control variable X, and observing
the response Y(X.). In this process, X, and s
are sampled at random from a distribution that
is unknown to the observer, whereas X, takes on
the true (but unknown) value X . One observation
from the real system therefore corresponds to a
random sample V(X.) ~ V(X,, X}, X, s) where
X, and s are realizations of a random process.

4. Problem formulation

The challenge problem consists of two parts.
Problem 1 is about modeling uncertainty in the in-
put X by using the computational model together
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with data from the real system. Problem 2 is about
optimizing the control of the physical system un-
der this uncertainty, and balancing performance
and risk.

4.1. Tools

For this challenge the following will be made
available:

e The computational model described in
3.3, which will be downloaded and run
locally.

e Data from the true system described in
3.4. This will be available online for the
respondents who register for the chal-
lenge.

The participants will have a total budget of N
observations of the real system corresponding to
a chosen X.. The output corresponding to X, is
given by the K i.i.d. observations in D(X.) =
{1 (Xe), ..., Vi (Xc)}. Therefore, a maximum
of N x K observations will be available. Further
information about the models and data are found
on the UQ Challenge GitHub page DNV (2025).

4.2. Problem 1: Uncertainty
quantification

We will provide an initial estimate of the support
set of X, and of F.

(1) This subproblem seeks to create an UM of X,
and X, from data for a baseline design X_.
This UM is given by the pair (f,,, £), where

e f, is a probability density for X,.
e F is an arbitrarily shaped set satisfying
X, eE.

For any X/, chosen by the respondents, we will
provide the dataset D(X’) described above.
Estimate the UM based on these data, and
evaluate the extent by which the number of
data points N x K impacts your answer. The
resulting UM will be denoted as UM1.
[Optional] Repeat subproblem one as if you
were only going to use the “most informative”
95% of the data. Compare and contrast the
resulting UM, denoted as UM2, with UMI1.

Q@
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(3) Denote as y(Xq,Xe, Xe, 8,¢) a component
of Y(Xau,Xe,Xc,s). The probability of the
greatest y exceeding the upper limit u is

X, X, =P X, Xe, X,
Pu(Xe, Xe, u) |:OI£?SX1?/( a) Xe, L,s,t)>u},

2
whereas the probability of the lowest y falling
below the lower limit [ is

n(Xe, X, 1) =P [021#21 Y(Xas Xe, Xe, 8,1) < l} :

3
where P[] is the probability with respect to
X, and s. The limits of the prediction interval
of the response® are

7(X.,a) = inf X, X, u) <1—
7(Xe, o) = in {u\)r(rj‘gépu( e X, u) < a}7

“

— g ; <1—
y(Xe, ) bup{ l \{relg)}%pl(xc,Xc,l) <1 a}.
%)

Hence, for any X, € E and any ¢ € [0, 1], the
probability that y falling above y(X., «) or
below y (X, ) are both bounded by «. For a
given baseline design X, the goal of this sub-
problem is to determine the tightest prediction
intervals of all n, outputs corresponding to
the identified uncertainty model(s) for both
a = 0.999 and o = 0.95. Comment on your
results.

4.3. Problem 2: Design optimization

The index ¢ of the n,, system responses can either
be in the set I, which prescribes the cost function,
or the set Iy, which prescribes the constraints.
In this section we seek a control parameter X,
that is optimal with respect to different objective
functions and constraints.

Consider the objective function

1
TXe X = [ SB[ X X )]
0 i€l
(6)
2Please note that X, can only take the value of a single element

of E. Take this into consideration when applying the constraint
X, € E hereafter.
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where E[-] is the expected value operator with
respect to X, and s. Hence, this objective function
is the expected total contribution from the system
outputs in /7 for the chosen X..

For the responses in I, define the limit state
functions

9i(X,8) =¢; — Jnax lyi (X, s,t)|, forall i € I,

(7
where the constants ¢; are fixed. The event
gi(X, s) < 0 represents a failure in the i-th phys-
ical response. The individual failure probability is
defined as

pOfi(Xli?XC) = P[«gi(XlIJX(HXC?s) < 0 ]a (8)

where P[] is the probability with respect to X,
and s. The system failure probability is

pofy, (Xe, X¢) = P r_niIngi(Xa,Xc,Xc, s)<0].
1€ls
)
Consider the following design optimization
problems:

(1) Find the control variable X, that maximizes

)?Elé% J(Xe, Xe). (10)
We refer to the resulting X} as the
performance-based design.

(2) Find the control variable X, that minimizes
the greatest value that (9) might take as X,
varies in E. We refer to the resulting X7 as
the reliability-based design.

(3) Find the control variable X, that maximizes
(10) under the constraint

pax pof, (X, Xo) <e (1)
for a specified € € [0,1]. We refer to the
resulting X' as the e-constrained design.

(4) [Optional] Find the control variable X, that

maximizes (10) such that
>
pax E[h[h<0]25,  (12)
where h = min;er, ¢;(Xa, Xe, Xe, 5). We

refer to the resulting X} as the risk-based
design.

Solve the above problems for the UMs identified
in Problem 1, by using ¢ = 1072 and ¢ = 10~*
in (I11) and 8 = —300 in (12). For each of
these cases, please provide X, the range of the
objective function, and the range of the failure
probability corresponding to all epistemic values
in B.

5. Actions and deliverables

(1) Each group should first register by sending an
email to ugchallenge@dnv.com that includes
the name of all the participants and their affil-
iation. Details on how to download the model
and how to make the submissions below will
be given after registration.

(2) Submit the uncertainty models created in
Problem 1, the best guess of the true value
of X! (if any), and the prediction intervals
for both values of a. To submit an UM, we
ask for 10% samples from f, and 10® samples
generated uniformly within E as arrays stored
in separate csv files.

(3) Submit the optimal controls obtained in Prob-
lem 2. For each case, report also the minimum
and maximum value of the objective function
(6) and the system failure probability (9) as
X, varies in E.

(4) Write a paper for the ESREL 2025 conference
summarizing your response to the challenge.
The deadline for this submission will be at
the end of March 2025. The paper should
summarize the response to the above requests,
and carefully describe:

e The process used to obtain the UMs
in Problem 1. How was the design X/,
used to collect data from the real system
chosen? Can the uncertainty models for
the epistemic and aleatory variables be
identified separately? Was the amount of
data available sufficient?

e The process used to derive the optimal
controls in Problem 2. Compare and
contrast all such controls. What control
should be used in a safety-critical appli-
cation?
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