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This paper explores belief reliability modeling for demand-driven uncertain production systems with delay effects.
In such systems, demand exhibits cyclical patterns, but real-world complexities introduce epistemic uncertainty,
especially with limited data. Delay effects, where initial consumer responses differ significantly from later stages,
further complicate demand dynamics. The study introduces a model incorporating delay effects to better predict
inventory requirements and system capacity. By defining performance margin and belief reliability based on
belief reliability theory, this paper provides a framework to assess system reliability, considering initial inventory,
productivity, and demand fluctuations. The proposed model helps producers balance cost efficiency and reliability,
ensuring adaptability to both initial demand surges and subsequent stabilization. Additionally, the paper derives
analytical expressions for belief reliability and first hitting time of failure, offering practical tools for managing
production risks and optimizing system performance under uncertainty. The results highlight the importance of
delay effects in shaping demand patterns and system reliability, providing valuable insights for production planning
and risk management.
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1. Introduction

In the actual production process, when new prod-
ucts are developed or external demand changes
dramatically, producers are often trapped by in-
sufficient data and cannot accurately assess the
uncertainty within the system. This directly leads
to a large cognitive bias when building mathemat-
ical models. Under this premise, many scholars
have found that classical assumptions such as the
law of large numbers and central limit theorem in
probability theory are no longer applicable (Liu
and Qin (2024), Lio and Liu (2021), Wang and
Gao (2025), and Xie and Lio (2024)). To over-
come this problem, Liu (2007) founded uncer-
tainty theory in 2007 and Liu (2009) improved
it in 2009. Uncertainty theory is a mathematical
method based on an axiomatic system, which is
designed to analyze epistemic uncertainty in prac-
tical systems. To date, uncertainty theory has been
applied in many fields, for instance, analyzing
uncertain factors in economic activities (Liu and

Liu (2022)), prediction of population development
trends (Yang and Liu (2024)), financial modeling
(Yang and Ke (2023)), and explaining the uncer-
tainty of physical phenomena (Xie et al. (2024)).

As a key branch of uncertainty theory, uncertain
renewal process was first proposed by Liu (2008)
in 2008, and then in 2010, uncertain renewal re-
ward process was proposed by Liu (2010). Later,
Yao and Li (2012) proposed an uncertain alternat-
ing renewal process, in which the arrival interval
is divided into off-time and on-time, while Zhang
et al. (2013) proposed uncertain delayed renewal
process. Uncertain renewal process is well suited
to describing systems with discontinuous changes
in the time dimension, especially in time-varying
systems in which discrete behavior often con-
tains complex epistemic uncertainty. Therefore,
Liu (2013) first applied uncertain renewal process
to the insurance financial system. Subsequently,
Yao and Zhou (2018) derived the analytical ex-
pression of the distribution of first hitting time
under uncertainty theory, and then Liu and Yang
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(2020) proposed a more general model for the
insurance financial system. For the modeling of
queuing system, Yao (2021) obtained the uncer-
tainty distribution of the length of time that the
system is continuously busy, and then Liu and
Liu (2021) derived the analytical expressions of
the distributions of customers’ waiting time and
system’ idle time, respectively. Recently, Liu et al.
(2024) verified that the queuing system in prac-
tice should be characterized by uncertain renewal
process based on actual data of the ride-hailing
platform. For the production process, Lio and
Liu (2020) first gave the definition of uncertain
production risk process, and also obtained some
formulas for calculating the shortage index and
the distribution of shortage time of the production
system. Following that, Lio and Jia (2020) studied
a class of uncertain production risk processes with
faults and divided them into working and non-
working parts. Yu et al. (2024) further used un-
certain delayed renewal process to describe pro-
duction systems.

In reliability engineering practice, the appli-
cation of uncertain production models relies on
the belief reliability theoretical framework built
by Kang (2020). For demand-driven production
systems focusing on new products, a significant
feature is that the initial and subsequent demand
processes are adjusted according to the comments
of early users, resulting in inconsistent demand
intervals. Therefore, it is more appropriate to de-
scribe these phenomena by uncertain delayed re-
newal process. Based on belief reliability theory,
this paper gives the definition of the performance
margin of demand-driven uncertain production
systems with delay effects, and then calculates the
belief reliability of the systems. The subsequent
contents of this paper are arranged as follows:
Section 2 describes the demand-driven uncertain
production systems with delay effects, and Sec-
tion 3 defines the performance margin and draws
the formula for calculating the belief reliability of
systems. In Section 4, the theorem for calculating
the uncertainty distribution of first hitting time of
failure is derived. Section 5 gives a brief summary
for this paper.

2. Demand-Driven Uncertain
Production System

The production system under investigation in this
paper is characterized by demands that exhibit
cyclical patterns. However, the complexity of real-
world environments makes it challenging to pre-
cisely estimate the cycle time, as each cycle may
exhibit non-negligible difference. This introduces
uncertainty in predicting the cycle time for each
demand, particularly in scenarios with limited
sample sizes, where the uncertainty is predom-
inantly epistemic. This means that the external
environment of the production system includes
demands influenced by epistemic uncertainty.

In addition to these factors, this paper intro-
duces the concept of “delay effects” into the pro-
duction system. Delay effects refer to the phe-
nomenon where the initial response to a product,
particularly for a new one, differs significantly
from the response to subsequent batches. Note that
“initial batch” referred here is essentially a broad
term encompassing the early stages of product
launch. Incorporating delay effects into the pro-
duction system model allows for a more nuanced
understanding of demand dynamics, particularly
in the context of new product introductions.

Focusing solely on external demand will cause
inventory to decline until it reaches zero, which
results in a supply shortage. To address this, the
system must engage in production to replenish
inventory. Therefore, in a demand-driven uncer-
tain production system with delay effects, cycle
times of the demands, arrived demands, the initial
inventory level and productivity are critical factors
influencing system performance. Specifically, cy-
cle times are assumed to be independent uncertain
variables x̃1, x̃2, · · · . Moreover, x̃ has a different
uncertainty distribution from x̃2, x̃3, · · · which are
identically distributed, i.e., x̃1 has an uncertainty
distribution Φ1, and ξ2, ξ3, · · · have a common
uncertainty distribution Φ. Then the number of de-
mand cycles ñt is the maximal integer n satisfying
n demands have reached up to time t, i.e.,

ñt = max
n≥0

{n | s̃n ≤ t} (1)

where s̃0 = 0 and s̃n = x̃1 + x̃2 + · · · + x̃n for
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n ≥ 1. Essentially, the equation (1) is an uncertain
delayed renewal process, and Zhang et al. (2013)
proved that it is an uncertain process with uncer-
tainty distribution

Fñt
(x) = 1−sup

y
Φ1(y)∧Φ

(
t− y

�x�
)
, ∀x ≥ 0

(2)
where �x� is the floor function. Assume also
the arrived demands ỹ1, ỹ2, · · · are independent
uncertain variables, and ỹ1 has a different un-
certainty distribution from ỹ2, ỹ3, · · · which are
identically distributed, i.e., the first demand η1
has an uncertainty distribution Ψ1, and demands
η2, η3, · · · have a common uncertainty distribu-
tion Ψ. Then the total demand up to time t is given
by the following definition.

Definition 2.1. Let x̃1, x̃2, · · · be iid positive un-
certain cycle times, and let ỹ1, ỹ2, · · · be iid posi-
tive uncertain demands. Then the delayed renewal
reward process

d̃t =

ñt∑
i=1

ỹi (3)

is called an uncertain total demand, where the
number of demand cycles ñt is a renewal process
with uncertain delayed cycle times x̃1, x̃2, · · ·

Delayed renewal reward process (3) was veri-
fied to have an uncertainty distribution

Fd̃t
(x)

= (1− Φ1(t)) ∨max
k≥1

(
1− sup

y
Φ1(y)

∧ Φ

(
t− y

k

))
∧
(
sup
y

Ψ1(y) ∧Ψ

(
x− y

k − 1

))
.

(4)
Here we set Ψ((x− y)/0) = 1 for any x− y ≥ 0.

For initial inventory level a and productivity b,
it is obvious that bt is the total production up to
time t. Then the surplus inventory level at time t

is

m̃t = a+ bt− d̃t = a+ bt−
ñt∑
i=1

ỹi. (5)

For independent cycle times and demands, the
uncertainty distribution of equation (5) can be

obtained based on the theorem as follows.

Theorem 2.1. For a demand-driven uncertain
production system with delay effects which has
the surplus inventory level m̃t = a + bt − d̃t
at time t, where a is the initial inventory level,
b is the productivity, and the total demand d̃t is
a delayed renewal reward process with indepen-
dent uncertain cycle times x̃1, x̃2, · · · and inde-
pendent uncertain demands ỹ1, ỹ2, · · · Suppose
(x̃1, x̃2, · · · ) and (ỹ1, ỹ2, · · · ) are independent un-
certain vectors, and the first cycle time x̃1 has a
regular uncertainty distribution Φ1, cycle times
x̃2, x̃3, · · · have a common regular uncertainty
distribution Φ, while the first demand ỹ1 has a
regular uncertainty distribution Ψ1, and demands
ỹ2, ỹ3, · · · have a common regular uncertainty
distribution Φ. Then m̃t is an uncertain process
with uncertainty distribution

Fm̃t
(z) = (1− Φ1(t))

∨max
k≥1

(
1− sup

y
Φ1(y) ∧ Φ

(
t− y

k

))

∧
(
sup
y

Ψ1(y) ∧Ψ

(
a+ bt− z − y

k − 1

))
.

(6)

Proof: For a given time t, according to equation
(4), the uncertain total demand d̃t has an uncer-
tainty distribution

Fd̃t
(x)

= (1− Φ1(t)) ∨max
k≥1

(
1− sup

y
Φ1(y)

∧ Φ

(
t− y

k

))
∧
(
sup
y

Ψ1(y) ∧Ψ

(
x− y

k − 1

))
.

It follows from operational law in uncertainty the-
ory that m̃t is an uncertain variable with uncer-
tainty distribution

Fm̃t
(z)

= sup
a+bt−x=z

Fd̃t
(x)

= Fd̃t
(a+ bt− z) = (1− Φ1(t))

∨max
k≥1

(
1− sup

y
Φ1(y) ∧ Φ

(
t− y

k

))

∧
(
sup
y

Ψ1(y) ∧Ψ

(
a+ bt− z − y

k − 1

))
.
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Since time t is arbitrarily chosen, the theorem is
then verified.

3. Performance Margin and Belief
Reliability

The demand-driven uncertain production system
with delay effects is a type of systems of which
the function is to meet demands through its supply
capacity. However, with the introduction of delay
effects, the dynamics of demand become more
complex. Specifically, during the initial stages of
product launch, demand may surge unpredictably
due to consumer novelty and initial reactions,
while in later stages, demand stabilizes as con-
sumers base their decisions on product quality and
reputation. From this, when the system’s initial
inventory level is insufficient to meet demand,
i.e., when the surplus inventory level drops be-
low 0 (where 0 is a given critical threshold), the
production system fails to fulfill its function for
customers.

Delay effects cause distinct demand patterns in
the initial and mature phases of a product’s lifecy-
cle. Thus, it is important to analyze the reliability
of the demand-driven uncertain production system
with delay effects. Producers aim to maximize
profits while ensuring that reliability requirements
are met. This necessitates a more precise formula
for calculating reliability, taking into account pa-
rameters such as initial inventory levels, demand
fluctuations, and the impact of delay effects on the
demand distribution. By incorporating these fac-
tors, producers can better balance cost efficiency
and system reliability, ensuring that the produc-
tion system remains responsive to both the initial
surge and the eventual stabilization of demand.

To address the reliability issues of the compli-
cated cases such as the demand-driven uncertain
production systems with delay effects, belief reli-
ability theory, which was founded by Kang (2020)
through combining probability theory and uncer-
tainty theory to respectively deal with the aleatory
uncertainty and epistemic uncertainty, has to be
applied. In belief reliability theory, the core con-
cept about performance margin is essentially the
adequacy of the system function. Since the func-
tion of the demand-driven uncertain production

system with delay effects is quantified by the sup-
ply capacity, the surplus inventory level can reflect
the system adequacy and the following definition
is thus given.

Definition 3.1. Assume a demand-driven uncer-
tain production system with delay effects has an
initial inventory level a, productivity b and total
demand d̃t. Then the performance margin of the
system is defined as

m̃t = a+ bt− d̃t. (7)

The surplus inventory level in a production sys-
tem is a larger-the-better (LTB) parameter, with
higher levels indicating greater reliability, while
demand exceeding supply at any time t signifies
unreliability. When considering delay effects, the
initial demand surge during product launch adds
complexity to maintaining reliability. According
to belief reliability theory, the belief reliability for
such system should be defined as the belief degree
(uncertain measure) that the performance margin
remains positive, and its definition is provided as
follows.

Definition 3.2. Suppose a demand-driven uncer-
tain production system with delay effects is with
the performance margin m̃t = a + bt − d̃t. Then
its belief reliability is

RB(t) = M {m̃t > 0} = M
{
a+ bt− d̃t > 0

}
.

(8)

To simply calculate the belief reliability for the
demand-driven uncertain production system with
delay effects, the following theorem can be ap-
plied due to the analytical solutions of the uncer-
tainty distributions for uncertain renewal process
and renewal reward process.

Theorem 3.1. For a demand-driven uncertain
production system with delay effects which has the
performance margin m̃t = a + bt − d̃t at time
t, where a is the initial inventory level, b is the
productivity, and the total demand d̃t is a delayed
renewal reward process with independent uncer-
tain cycle times x̃1, x̃2, · · · and independent un-
certain demands ỹ1, ỹ2, · · · Suppose (x̃1, x̃2, · · · )
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and (ỹ1, ỹ2, · · · ) are independent uncertain vec-
tors, and the first cycle time x̃1 has a regular un-
certainty distribution Φ1, cycle times x̃2, x̃3, · · ·
have a common regular uncertainty distribution
Φ, while the first demand ỹ1 has a regular un-
certainty distribution Ψ1, and demands ỹ2, ỹ3, · · ·
have a common regular uncertainty distribution
Φ. Then its belief reliability RB at time t is

RB(t) = Φ1(t) ∧min
k≥1

(
inf
y
Φ1(y)

∨ Φ

(
t− y

k

))
∨
(
1− inf

y
Ψ1(y)

∨Ψ

(
a+ bt− y

k − 1

))
.

(9)

Proof: By Theorem 2.1, the performance margin
m̃t has an uncertainty distribution

Fm̃t
(x) = (1− Φ1(t))

∨max
k≥1

(
1− sup

y
Φ1(y) ∧ Φ

(
t− y

k

))

∧
(
sup
y

Ψ1(y) ∧Ψ

(
a+ bt− z − y

k − 1

))
.

Then it follows by Definition 3.2 that we have

RB(t) = M {m̃t > 0}
= 1−M {m̃t ≤ 0}
= 1− Fm̃t

(0)

= 1−
(
(1− Φ1(t))

∨max
k≥1

(
1− sup

y
Φ1(y) ∧ Φ

(
t− y

k

))

∧
(
sup
y

Ψ1(y) ∧Ψ

(
a+ bt− y

k − 1

)))

= Φ1(t) ∧min
k≥1

(
inf
y
Φ1(y)

∨ Φ

(
t− y

k

))
∨
(
1− inf

y
Ψ1(y)

∨Ψ

(
a+ bt− y

k − 1

))
.

The theorem is thus proved.

4. First Hitting Time and Failure

Reliability addresses system failure, which occurs
when a system cannot meet its intended func-

tion. That means, system failure often involves
human factors. In demand-driven production sys-
tems, failure appears as supply shortages, which
are inevitable over time. Delay effects, such as
initial demand surges during product launches,
further increase the risk of shortages. Therefore,
producers focus on predicting the first hitting time,
that is, the moment when failure first occurs, as
it can significantly disrupt operations in demand-
driven production systems with delay effects. By
analyzing this using uncertainty theory, a defini-
tion for the first hitting time of failure is given as
follows.

Definition 4.1. Suppose m̃t is the performance
margin of a demand-driven uncertain production
system with delay effects. Then the first hitting
time τ of failure is

τ = inf {t ≥ 0 | m̃t < 0} . (10)

it is clear from Definition 4.1 that the first
hitting time of failure is an uncertain variable in
the sense of uncertainty theory. In demand-driven
uncertain production systems with delay effects,
the concept of failure represents the epistemic un-
certainty combining the uncertainty of the system
itself and those uncertainties arising from delay
effects. For a specified time TF provided as the
requirement of system reliability, the belief degree
(uncertain measure) of the event that the system
experiences failure before TF can be used to quan-
tify the system failure, i.e.,

Failure = M{τ ≤ TF }. (11)

The following theorem is derived for calculating
the result of equation (11).

Theorem 4.1. For a demand-driven uncertain
production system with delay effects which has the
performance margin m̃t = a + bt − d̃t at time
t, where a is the initial inventory level, b is the
productivity, and the total demand d̃t is a delayed
renewal reward process with independent uncer-
tain cycle times x̃1, x̃2, · · · and independent un-
certain demands ỹ1, ỹ2, · · · Suppose (x̃1, x̃2, · · · )
and (ỹ1, ỹ2, · · · ) are independent uncertain vec-
tors, and the first cycle time x̃1 has a regular un-
certainty distribution Φ1, cycle times x̃2, x̃3, · · ·
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have a common regular uncertainty distribution
Φ, while the first demand ỹ1 has a regular un-
certainty distribution Ψ1, and demands ỹ2, ỹ3, · · ·
have a common regular uncertainty distribution
Φ. Then for the required time TF , the uncertain
measure of system failure can be obtained by

Failure = max
k≥1

sup
x1+x2≤TF

Φ1(x1)

∧ Φ

(
x2

k − 1

)
∧ (1−Ψ1(x3))

∧
(
1−Ψ

(
a+ b(x1 + x2)− x3

k − 1

))
.

(12)

Here we set

Ψ

(
a+ b(x1 + x2)− x3

0

)

=

{
0, if a+ b(x1 + x2)− x3 < 0

1, if a+ b(x1 + x2)− x3 ≥ 0.

(13)

Proof: For any interger k, nonnegative real num-
bers t and x, let us define

αk = sup
x1+x2≤t

Φ1(x1)

∧ Φ

(
x2

k − 1

)
∧ (1−Ψ1(x3))

∧
(
1−Ψ

(
a+ b(x1 + x2)− x3

k − 1

))
.

(14)

Note that

Φ1(x1) and Φ

(
x2

k − 1

)

are increasing with respect to x1 and x2, respec-
tively, 1−Ψ1(x3) is decreasing with respect to x3,
while

1−Ψ

(
a+ b(x1 + x2)− x3

k − 1

)

is decreasing with respect to x1, x2 and increasing
with respect to x3. Now we prove that one of the
following two alternatives holds:

Φ−1
1 (αk) + (k − 1)Φ−1(αk) = t,

a+ b(Φ−1
1 (αk) + (k − 1)Φ−1(αk))

−Ψ−1
1 (1− αk)− (k − 1)Ψ−1(1− αk) ≤ 0;

(15)

Φ−1
1 (αk) + (k − 1)Φ−1(αk) < t,

a+ b(Φ−1
1 (αk) + (k − 1)Φ−1(αk))

−Ψ−1
1 (1− αk)− (k − 1)Ψ−1(1− αk) = 0.

(16)
Assume (x∗

1, x
∗
2, x

∗
3) is the supremum solution of

equation (14). For k = 1, it is obvious that

x∗
2 = 0, x∗

3 = a+ b(x∗
1 + x∗

2) = a+ bx∗
1

and

α1 = Φ1(x
∗
1) ∧ (1−Ψ1(a+ bx∗

1)) .

If x∗
1 + x∗

2 = t, i.e., x∗
1 = t, then if follows from

the assumption that

α1 = Φ1(x
∗
1) = Φ1(t),

α1 ≤ 1−Ψ1(a+ bx∗
1).

Therefore, equation (15) holds; If x∗
1 < t, then we

have

α1 = Φ1(x
∗
1) = (1−Ψ1(a+ bx∗

1)) ,

i.e.,

Φ−1
1 (1− α1) = x∗

1, Ψ−1
1 (1− α1) = a+ bx∗

1.

Therefore, equation (16) holds. Next, for k ≥ 2, if
x∗
1 + x∗

2 = t, then we have

αk = Φ1(x
∗
1) ∧ Φ

(
x∗
2

k − 1

)
,

αk ≤ (1−Ψ1(x
∗
3)) ∧

(
1−Ψ

(
a+ bt− x∗

3

k − 1

))
.

Then we get

Φ−1
1 (αk) + (k − 1)Φ−1(αk) = t,

and

a+ bt ≤ Ψ−1
1 (1− αk) + (k − 1)Ψ−1(1− αk).

It can be summarized that equation (15) holds; If
x∗
1 + x∗

2 < t, then we have

αk = Φ1(x
∗
1) = Φ

(
x∗
2

k − 1

)
= 1−Ψ1(x

∗
3)

= 1−Ψ

(
a+ b(x∗

1 + x∗
2)− x∗

3

k − 1

)
,
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i.e.,

x∗
1 = Φ−1

1 (αk),
x∗
2

k − 1
= Φ−1(αk),

x∗
3 = Ψ−1

1 (1− αk),

Ψ−1(1− αk) =
a+ b(x∗

1 + x∗
2)− x∗

3

k − 1
.

Therefore, equation (16) holds. That means one
of the alternatives (15) and (16) holds. Next, let us
turn attention to uncertainty distribution Υ(t) of
the first hitting time τ of failure. On the one hand,
it is clear that for each t, we have τ ≤ t if

inf
0≤s≤t

m̃s < 0.

By equations (15) and (16), we have

Υ(t)

= M{τ ≤ t} ≥ M

{
inf

0≤s≤t
m̃s < 0

}

= M

{ ∞⋃
k=1

( k∑
i=1

x̃i < t,

a+ b
k∑

i=1

x̃i −
k∑

i=1

ỹi < 0

)}

≥ M

{∞⋃
k=1

(x̃1<Φ−1
1 (αk)) ∩ (ỹ1>Ψ−1

1 (1− αk))

∩
( k⋂

i=2

(x̃i < Φ−1(αk))

)

∩
( k⋂

i=2

(ỹi > Ψ−1(1− αk))

)}

≥
∞∨
k=1

(
M{x̃1<Φ−1

1 (αk)}∧M{ỹ1>Ψ−1
1 (1− αk)}

∧
( k∧

i=2

M{x̃i < Φ−1(αk)}
)

∧
(

k∧
i=2

M
{
ỹi > Ψ−1(1− αk)

}))

=
∞∨
k=1

((
k∧

i=1

αk

)
∧
(

k∧
i=1

αk

))

=

∞∨
k=1

αk.

On the other hand, by equations (15), (16) and
Fubini theorem, we have

Υ(t)

= M{τ ≤ t} ≤ M

{
inf

0≤s≤t
m̃s ≤ 0

}

= M

{ ∞⋃
k=1

( k∑
i=1

x̃i ≤ t,

a+ b
k∑

i=1

x̃i −
k∑

i=1

ỹi ≤ 0

)}

≤ M

{∞⋃
k=1

(x̃1≤Φ−1
1 (αk))∪(ỹ1≥Ψ−1

1 (1− αk))

∪
(

k⋃
i=2

(x̃i ≤ Φ−1(αk))

)

∪
(

k⋃
i=2

(ỹi ≥ Ψ−1(1− αk))

)}

≤ M

{
(x̃1 ≤

∞∨
k=1

Φ−1
1 (αk))

∪
∞⋃
i=2

(
x̃i ≤

∞∨
k=i

Φ−1(αk)

)

∪ (ỹ1 ≥
∞∧
k=1

Ψ−1
1 (1− αk))

∪
∞⋃
i=2

(
ỹi ≥

∞∧
k=i

Ψ−1(1− αk)

)}

= M

{
x̃1 ≤

∞∨
k=1

Φ−1
1 (αk)

}

∨
∞∨
i=2

M

{
x̃i ≤

∞∨
k=i

Φ−1(αk)

}

∨M

{
ỹ1 ≥

∞∧
k=1

Ψ−1
1 (1− αk)

}

∨
∞∨
i=2

M

{
ỹi ≥

∞∧
k=i

Ψ−1(1− αk)

}

=
∞∨
k=1

αk.

Hence

Υ(t) =

∞∨
k=1

αk.
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Substituting t = TF , it can be obtained that

Failure = Υ(TF ).

The theorem is proved.

5. Conclustion

This paper gave rigorous definitions of demand-
driven uncertain production systems with delay
effects and their performance margins. Further-
more, some formulas for computing the systems’
belief reliability and first hitting time of failure
were derived. The results provided practical math-
ematical tools for production planning, and gave
valuable insights in reliability assessment as well
as risk management for complicated systems con-
sidering delay effects.
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