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Repeated evaluation of system responses through models become necessary when quantifying uncertainty or
optimizing such system. This task can accurately be done through use of complex numerical models such as finite
elements. However these models bring with them high computational cost which scales with the complexity of the
observed system. Therefore, the use of surrogate models is very practical as they can provide a feasible accuracy for
less computational cost. Neural networks represent one type of such surrogate models, whereby a set of data is used
to train the neural network model on. The incorporation of sensitivity data, called Sobolev training, can elevate the
model performance in accuracy and training time by expanding the loss with additional terms. Each term is pondered
with a coefficient weight, which are optimized in parallel training through an adaptive scheme. We use this neural
network model in a case study of computational mechanics with regards to its performance.
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1. Introduction

Surrogate modeling is a well known topic in en-
gineering problems, where fidelity is exchanged
with reduction of computational cost. This is quite
crucial in highly complex systems where high fi-
delity and low processing time are difficult to scale
together. Considering simple regression, neural
networks represent a surrogate model trained on
available data from numerical models such as,
for example, finite element models, allowing ef-
ficient repeated evaluations of a given system, see
Hornik et al. (1989); Grossmann et al. (2024). In-
corporation of various conditions and constraints
further improves accuracy or training time of
these models, such as with Physics informed and
Sobolev trained neural networks, see Czarnecki
et al. (2017); J. Yu and Karniadakis (2022). In-

deed, for the latter two schemes gradient informa-
tion improves the accuracy of the underlying neu-
ral network. For the case of the Sobolev training,
the gradients of the neural network are directly
compared to the true gradients. To expand further,
the information of function and gradient values
must be properly weighted for optimal training.
These weights can then also have their very own
algorithm, ranging from simple to dynamic, to
find an optimal ratio of loss terms to improve the
training of its respective neural network model. In
this paper we compare multiple Sobolev models,
more specifically, a base model with no weighting,
a model with an alternative weighting method,
similar to Liu and Wang (2021) and a model with
our new adaptive weighting scheme. Hereby, our
method is an adaptive scheme which optimizes
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residual weights for each training step for opti-
mal training convergence. We apply the Sobolev
models on a nonlinear material of a hook sys-
tem, whereby training responses and sensitivities
are generated via a finite element model using
variational sensitivity analysis, see Barthold et al.
(2016); Liedmann and Barthold (2020). The re-
sponse of interest is the stress triaxiality which
can give insight into material damage, i.e. void
fraction area of the hook. We show that our ap-
plied residual weighting optimization leads to a
reduction in variance of the training accuracy of
the model and an improvement in model accuracy
compared to the base Sobolev model as well as the
alternative weighting method.

2. Methodology

This section will describe the methodology used
in this work. For additional details, see Kilicsoy
et al. (2024).

2.1. Finite element model

The behavior of a mechanical system is repre-
sented through the finite element method (FEM).
Moreover, the sensitivity of that behavior with
respect to certain parameters associated with the
system’s geometry (denoted in the following as
x) is calculated using variational sensitivity anal-
ysis. Adhering to principles of the finite element
method, the solution to the weak equilibrium
equation for nonlinear elasticity in the reference
configuration B0 is

R(u,v) =

∫
B0

PK(u) : ∇v dV

−
∫
B0

b0 · v dV

−
∫
B0

t0 · v dA = 0,

(1)

where t0 and b0 denote traction and body forces,
PK represents the first Piola-Kirchhoff stress ten-
sor. Additionally, the vector v consists of test
functions and u is defined as the vector of primary
displacements. The system response is solved iter-
atively using a Newton-Raphson scheme due to its
nonlinear behavior, thereby implying a lineariza-

tion

R(u,v) + δuR(u, v; Δu) = 0. (2)

As with general FEM, the system is discretized
and the weak form of equilibrium is solved nu-
merically for each finite element. Considering a
response f , such as the stress triaxiality, which
depends on the displacement vector u and de-
sign parameters x, the FEM allows the response
approximation. For the case of design sensitiv-
ity analysis, the change of a response function
f(u(x),x) w.r.t. a change in a chosen model
parameter x can be quantified through variational
sensitivity analysis, whereby said change is ex-
pressed in variational form

δf = δuf + δxf =

[
∂f

∂u

]
δu+

[
∂f

∂x

]
δx. (3)

If, for example, our response of interest of the
FEM is the ratio of the mean stress σMean and
equivalent von Mises stress σMises, defined as the
stress triaxiality T

T =
σMean

σMises
=

trσ

3
√
3J2

, (4)

with the stress tensor σ and the second deviatoric
stress invariant J2. Finally, we derive the discrete
sensitivity relation of the stress triaxiality as

δT =

[
∂T

∂σMean

∂σMean

∂σ
+

∂T

∂σMises

∂σMises

∂σ

]
δσ.

(5)

2.2. Neural network model

As general approximators, a neural network is
employed in a regression task to approximate
the numerical model. With a general feedforward
multilayer neural network, the given design pa-
rameter x propagates through the neural model
layers of various weights, biases and activation
functions, culminating in a scalar response. The
models approximation is evaluated via a metric
defined as the loss L

L =

ny∑
i=1

EResponse,i =
ny∑
i=1

1

2
· (ŷi − yi)

2, (6)

which is made up of the residual of responses
EResponse,i, formulated as each mean-squared error
(MSE) that is composed of the true responses
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y, which in this case is the numerical model’s
responses, and the neural model responses ŷ for
the number of responses ny . The optimization
of the neural model then follows according to
an optimization algorithm, in this case ADAM,
see Kingma and Ba (2017), whereby gradients of
this loss w.r.t. every model parameter θ (where
θ contains the weights and biases of the neural
network) are computed and applied in a gradient-
based method to update said model parameters
with the goal of minimizing the loss. This base
neural model can be expanded with gradients of
the response w.r.t. to the inputs and is the first
model type that is trained. It will be used as a
baseline for later results to compare with. During
general neural network training, backpropagation
provides the models gradients w.r.t. to various
model parameters, which can then be extended
for Sobolev training, whereby gradients w.r.t. in-
puts are obtained at near zero computational cost.
These are subsequently used to compare to the
true gradients in the redefined loss. Similarly to
the response, additional MSE terms ESensitivity,i,j
are formulated for each partial derivative w.r.t.
inputs to expand the current total loss equation L

L =

ny∑
i=1

EResponse,i +
ny∑
i=1

nx∑
j=1

ESensitivity,i,j

=

ny∑
i=1

1

2
· (ŷi − yi)

2

+

ny∑
i=1

nx∑
j=1

1

2
·
(
∂ŷi
∂xj

− ∂yi
∂xj

)2

,

(7)

where we now consider inputs x and the number
of inputs nx. With multiple individual loss terms,
we can now apply residual weights λ to the terms,
redefining the loss L

L =

ny∑
i=1

λResponse,i · EResponse,i

+

ny∑
i=1

nx∑
j=1

λSensitivity,i,j · ESensitivity,i,j .
(8)

Here we apply the residual weights λResponse,i and
λSensitivity,i,j to their respective MSE term, where
i references the i-th output and j references the

j-th input. In general, we have ny responses and
ny · nx sensitivities, thus the number of residual
weights is nλ = ny · (1 + nx). These residual
weights, for ease of readability referred to as λ,
are treated as trainable parameters in addition to
the trainable neural network model parameters θ.
For each residual weight in λ an optimization loop
is executed, where all run in parallel with the gen-
eral model parameter optimization loop. For each
iteration t we fix parameters λt,θt, and then ob-
tain the next iterations t+1 model parameters and
residual weights by optimizing a given function
for fixed parameters at iteration t. Commonly, for
the model parameters θ we minimize the defined
loss function L(θ, λ). The second type of model
which we train will make use of the established
method of maximizing the loss L(θ, λ) in order
to find the optimal λ. The first and second model
type provide a good backdrop for performance
comparison of our weighting method, since we
seek to improve Sobolev training, but also expand
on established weighting methods. The third type
of model, which uses our weighting method, will
minimize the cosine distance 1− ∇L·∇Li

|∇L|·|∇Li| to find
the optimal λ. More specifically, we will observe
the cosine distance between the gradient vector of
the full loss equation ∇L and a gradient vector of
a single weighted MSE ∇Li for each λi, with the
goal of aligning the gradient directions for better
training convergence.

3. Experimental Setup

The FEM evaluates a mechanical system, whereby
a hook shaped object is fixed to a wall and a force
is applied to the hook. The numerical model sim-
ulates the two dimensional system for a nonlinear
elasticity material behavior of the hook, which is
St. Venant-Kirchoff material, in order to obtain the
response and sensitivities of the stress triaxiality.
The model has two defined design parameters,
which affect the geometry of the hook mesh used
for evaluation, see Fig. 1, which essentially cap-
tures the uncertainty in regards to the two nodes
and the subsequent hook geometry. The two pa-
rameters shift the coordinates of the two selected
nodal points radially at the middle of the hook,
with their values limited to [−1, 1]. The system is
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Fig. 1. Drawing of the mechanical system which the
FEM evaluates: A hook is fixed to a wall and a force
is applied. The design parameters reference two nodes,
marked in red on the mesh, whereby their position is
varied along the blue arrows to observe responses in
regards to geometric uncertainty. The mesh is remade
for each new node configuration.

simulated with regards to its stress state, which
is the plane stress state, repeatedly in order to
provide the necessary training data for the neural
network models. There are a total of 625 evalua-
tions by the FEM, which are split into 320 training
points and 305 validation points for the neural
models. The data points are computated per FEM
within the defined design parameter range with a
uniform and linear step size. The neural models
are all trained on the same dataset, however the
neural models are approximating only a single
mesh node’s triaxiality for simplicity. The neu-
ral models are programmed with the MATLAB
deep learning toolbox within MATLAB R2023b.
Their architecture follows a small and simple de-
sign with the layers defined as [2, 10, 5, 5, 3, 1],
with the first and last values signifying the input
and output layer size, see Fig. 2. Additionally,
the training occurs through the ADAM algorithm
using standard parameter values, minibatches of
size 64, starting learnrate 10−3 and 1000 epochs.
While the training occurs with focus on the loss,
the results are visualized through the relative l2 er-
ror based on the validation data points, as compar-

Fig. 2. Sketch of the used neural network architecture:
In order, the hidden layers consist of 10, 5, 5 and 3
neurons in the shape of a feedforward multilayer neural
model.

ison of the loss between models is not indicative
of performance due to the residual weights scaling
the losses. Furthermore, the results represent those
of 100 trained neural models of each type, in order
to represent the variability in accuracy of trained
models given random factors during training, i.e.
parameter initialization, batch order and more.

4. Discussion

With all three model types trained on the same
data, we select the relative l2 error of the best
performing iteration across all 100 trained models.
We then evaluate various data metrics and pro-
duce their boxplot for comparison. These boxplots
can be seen in Fig. 3. We can observe that both

Fig. 3. Boxplots of the best rel. l2 error across 100
trained models for the three model types: Base Sobolev
without residual weights, Sobolev model with resid-
ual weights optimized for Loss maximization, Sobolev
model with residual weights optimized for Cosine Dis-
tance minimization
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weighted Sobolev models outperform the base
Sobolev model. Notably, the median of the rel. l2
error is smaller when we use residual weights, but
further the model accuracy generally populates a
lower bound meaning in brief, we have consider-
ably less variance from training a neural network.
While the base Sobolev median is not far off from
the weighted model types, of the 100 trained mod-
els a subset seems to be stuck in an upper range
of accuracy. This behavior can similarly be seen
with the weighted model types, where the upper
whiskers are quite large in contrast to the lower
whiskers. Additionally, when comparing the two
weighting methods, we can see the median of the
cosine distance method to be better. Likewise, this
slight performance edge for residual weight opti-
mization by cosine distance minimization versus
loss maximization extends to the general interval
which the rel. l2 error falls to.

5. Conclusion

With this work we have applied neural networks
as surrogate models for a finite element model,
where the numerical model simulates nonlinear
elasticity material behavior. We make use of gra-
dients w.r.t. design parameters in order to expand
the neural network training with Sobolev train-
ing. From here we successfully introduce residual
weights and a first-order optimization target to dy-
namically optimize these during training in order
to improve convergence. Subsequently we show
that general residual weighting improves gradient-
enhanced training, with our weighting method
outperforming the shown alternatives on average
in accuracy and in general training in robustness.
We observe a reduction of variance in the accuracy
of the neural network training with a bias to lower
bounds, with a reduced relative l2 error median
across multiple trained models. The results prove
that there exists an optimal ratio for the defined
loss of a neural network, whereby each term is
weighted by its own residual weight. Moreover, a
dynamical optimization of these residual weights,
that takes each training step into consideration,
improves training convergence. However, the op-
timal ratio is highly dependent on multiple factors,
such as the selected training data and the current

state of training, which is why our adaptive op-
timization scheme for the residual weights was
chosen. While the residual weights tend to change
similarly across the various trained models, their
range of behavior is very large, which can make
fixed residual weight tuning tedious. The gradient-
based optimization of the residual weights via the
defined cosine distance introduces a parallel com-
putation to the main model training, that has a high
computational cost. Furthermore, our weighting
scheme only considers the magnitudes of gradi-
ent vectors for the alignment, limiting its ability
to choose the optimal ratio of gradient vectors.
The cosine distance could be altered to include
a more finely comparison of gradient vectors by
replacing each residual weight λi with a vector
of residual weights λij to control each element
of the gradient vectors individually, which are
the partial derivatives of the respective loss w.r.t.
the model parameters. This expansion of resid-
ual weights would however amplify the already
high computational cost. Therefore, a key issue to
tackle in future research is the optimization of the
method for lower computational cost. In addition,
we have applied our weighting method to a small
dimensioned case study of nonlinear mechanics.
Further research should focus on greater neural
network architectures in combination with bench-
mark datasets, for quick and easy comparison
with contemporary methods of residual weight-
ing. This should then ideally include a comparison
to other contemporary state of the art methods
not considered in this paper, such as in Liu et al.
(2025).
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