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Abstract 

Recently, the demand for micro parts, i.e., parts with submillimeter features, is growing for product miniaturization 
and densification in applications such as electronic and medical devices. In this study, a model combining a friction 
model and a two-layer model is constructed for an extrusion simulation of a micro part. In the applied friction model, 
friction stress follows both the coulomb friction law in low pressure conditions and the shear friction law in high 
pressure conditions. Further, in the two-layer model, different elasto-plastic properties in the surface grain region 
and inner grain region is applied. The combined model was investigated by the comparison between the finite 
element (FE) analysis and experimental results. Results show that the combined model is capable of giving precise 
simulation results. Additionally, experimental results prove that the model is valid with a workpiece material having 
three or more grains in its transverse section. 
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1.     Introduction 

Recently, the demand for micro parts with 
submillimeter features is growing, for product 
miniaturization and densification in applications such 
as electronic and medical devices. Precision 
machining is usually used in the fabrication of these 
micro parts, however, it is usually time-consuming and 
results in low productivity. As an alternative, an 
extrusion process, which is a type of high-speed 
forming process, has been introduced to the 
production of micro parts. N. Takatsuji et al., N. 
Krishnan et al. and J. Cao et al. have developed their 
own laboratory micro extrusion machines and 
characterized the extruded micro parts in terms of 
mechanical properties and microstructures [1, 2, 3, 4]. 
In the near future, focus on these studies of extrusion 
will be advanced to the optimization level by applying 
different process parameters such as extrusion 
speeds, die geometries and coating methods of inner 
die surfaces, for practical use. 

The finite element method (FEM) is a useful 
numerical method for process optimization. In order to 
obtain precise and close-to-reality results from an FEM 
micro extrusion simulation, actual phenomena and 
conditions need to be described as accurately as 
possible in the model.  In conventional extrusion 
simulation, both friction conditions and mechanical 
properties of workpiece materials are simplified 
excessively. Additionally, coulomb friction law or shear 
friction law is usually used as a friction model in 
conventional simulations. However, because the ratio 
of surface area to volume increases with a decrease 
in the size of workpiece material, the effect of friction 
stress between workpiece materials and dies in the 
micro extrusion process is usually larger than that in 
macro scale. Therefore, the current friction model used 
is not sufficient in FEM extrusion simulations at the 
micro scale level. Additionally, conventional models 
usually assume that mechanical properties of 

workpiece materials are homogeneous. However, the 
effect of crystal grains of micro extrusion become 
significant in micro scale and, unfortunately, this effect 
has been overlooked by conventional macro models. 
It was reported that both conventional FEM model and 
experimental results show that friction coefficients 
under maximum load conditions changed with the 
sizes of the die and the specimen in micro extrusion, 
when the conventional simulation method was used [2]. 
On the other hand, there were reports that showed that 
friction factor did not change drastically with specimen 
size in dry ring compression tests and cylinder 
compression tests [5, 6]. The conflict between these 
results is due to the simplification of friction and 
mechanical property modeling in conventional 
extrusion simulation. As a result, friction and 
mechanical property modelings need to be improved 
for precise micro extrusion simulation. Regarding 
these issues, Suzuki et al. improve the friction model 
with a combined friction model, which was used in the 
metal forming process [7, 8].

Fig. 1. Relationship between friction stress and 
pressure under combined friction model [7]. 
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Fig. 2. Plastic properties of different thickness 
specimens [9]. 

Fig. 3. Concept of specimen size effect. 

In the model, friction stress follows both the coulomb 
friction law in low pressure conditions and the shear 
friction law in high pressure conditions as shown in 
Fig.1. Shear friction factor  and critical pressure 
is determined by the elasto-plastic property of 
workpiece materials and the workpiece-die friction 
coefficient. The experimental results shown in Fig. 1 
indicate that the combined friction model is precise 
enough to describe the actual friction condition. This 
model was meant to be applied in the macro forming 
process and has not been applied in micro extrusion.  
The applicability of the combined friction mode is 
verified in this paper by comparing with experimental 
results. T. A. Kals et al. studied the mechanical 
properties of micro/meso size parts, i.e., parts with 
several millimeters or submillimeters [9]. Tensile test 
results of specimens with different geometry but with 
same grain sizes are shown in Fig. 2. The results 
indicate that the strength of materials is decreasing 
with decreasing specimen size while their grain sizes 
remain unchanged. This is because the strength of 
surface grains is lower than that of inner grains (See 
Fig. 3). The reason for low strength in the surface grain 
region is that the restrictions of dislocation movements 
at grain boundaries in the surface region are lower 
than that in the inner region. Taking into account this 
effect, the precision of the micro extrusion simulation 
can be improved. Also, a two layer model, which has 
different elasto-plastic properties, can be used in the 
description of surface grain regions and inner grain 

regions in the FEM model. 
In this study, the applicability of a combined model 

with a friction model and a two-layer model in the micro 
extrusion FEM analysis, is investigated and validated 
with experimental results.

2. Friction model and elasto-plastic property 
model used for micro extrusion simulation 

2.1. Combined friction model

Shear friction factor  and critical pressure  can 
be determined by elasto-plastic properties of 
workpiece materials and workpiece-die friction 
coefficients in the combined friction model proposed 
by Suzuki et al., by the following equations;, 

(1)
(2)
(3)

(4)

where  is plastic strain and  is stress of 
workpiece material at .

2.2. Two-layer model

Elasto-plastic properties in surface grain and inner 
grain regions ( ) can be determined by 
the following equation [10]; 

(5)

where  is the grain size,  is the critical shear 
resolved stress and  is locally intensified stress.  

3.  Applicability of the friction model and elasto-
plastic property model 

3.1. Experiment 

Experiment results of micro extrusion tests of brass 
alloy (Cu70Zn30) reported in [2] are used for 
applicability investigation of the models. 

Die geometry is shown in Fig. 4. 

(a,b, )=(0.76 mm, 0.57 mm, 30 )
(a,b, )=(1.75 mm, 1.17 mm, 30 )

Fig. 4.  Die geometry used for micro extrusion 
tests [2]. 
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3.2. Finite element analysis cases 

Finite element analysis is performed and 
simulations with the following 4 conditions are 
conducted separately: 

Case 1: Coulomb friction model +  
 Homogeneous mode (Conventional method) 
Case 2: Coulomb friction model + 
 Two-layer model 
Case 3: Combined friction model + 
 Homogeneous model 
Case 4: Combined friction model + 
 Two-layer model 

3.3. Analysis model and mechanical properties 

An axisymmetric FEM model used for the analysis is 
illustrated in Fig. 5. The dies and the workpiece are 
treated as a rigid body and an elasto-plastic body, 
respectively. Strain hardening properties applied in the 
homogeneous model and two-layer model are 
tabulated in Table 1. Young’s modulus and Poisson’s 
ration is 200 GPa and 0.3, respectively, in both models 
and regions. The strain hardening property of the 
homogeneous model is calculated by the tensile 
property of the brass alloy, which is the same alloy in 
micro extrusion tests. The tensile property was 
obtained using cylindrical specimens with diameters of 
2 mm [11]. The strain hardening properties of the two-
layer model are calculated by Eq. (5) and tensile 
properties of the brass alloy. The tensile properties 
were obtained using cylindrical specimens with  
diameters of 1.3 mm and average grain sizes of 32, 87, 
211 m [11]. The thickness of the surface grain region 
is 210 m, which is the average grain size of workpiece 
material in micro extrusion tests, in two-layer models. 

4.  Finite element analysis results 

Calculated maximum extrusion loads obtained with 
different friction coefficients and maximum loads 
obtained by micro extrusion tests are shown in Fig. 6. 
These experimental maximum loads are read-out 
values from the results in a previous study [2]. Friction 
coefficients under maximum loads from FEM analysis 
and experiments are shown in Fig 7. These values are 
calculated from the polynomial approximation of the 
results shown in Fig. 6. These results indicate that 
maximum extrusion loads can be estimated by nearly 
the same friction coefficients by using the combined 
friction model and the two-layer model concurrently, 
regardless of die geometry. When the combined 
friction model and the two-layer model is used 
individually, the changes in friction coefficient due to 
the die geometry change is smaller than that obtained 
from the conventional FEM. However, the changes are 
larger than that in Case 4. Therefore, the use of the 
combined friction model and the two-layer model 
together, is effective in micro extrusion FEM analysis. 
With the validation of experimental results, this FEM 
model is effective with a workpiece material having 
three or more grains in its transverse section. 

Fig. 5. Model used for FE analysis. 

Table 1. Strain hardening properties of the 
homogeneous model and two-layer model used for 
FE analysis. 

 Strain hardening property
Homogeneous model

Two-
layer 

model

surface
grain 

region 
inner 
grain 

region 

5.  Conclusions 

In this study, an FEM model combined with a 
combined friction model and a two-layer model has 
been established for micro extrusion. The model has 
been validated and conclusions are summarized in the 
following;

• Conventional simulation method, in which the 
coulomb model and homogeneous model are used, 
can estimate the maximum extrusion load only when 
the friction factor is changed by the size of workpiece. 

• The established FEM analysis, in which the 
combined friction model and two-layer model are 
used, successfully estimate the maximum extrusion 
load without changing the friction coefficient. 
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