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1 Introduction 
 

When a supersonic flow, M0>1, encounters a straight compressive wedge a straight 

and attached to the leading edge of the reflecting wedge shock wave is formed, 

provided the reflecting wedge angle, qw, is smaller than the maximum flow deflection 

angle appropriate to flow-Mach number, M0, i.e., qw<dmax(M0). 

If the reflecting wedge is positioned over a straight surface (which can be 

considered as a line of symmetry) the oblique shock wave will be reflected from the 

surface resulting in either a regular reflection, RR, or a Mach reflection, MR. 

Schematic illustrations of the wave configurations of an RR and an MR are shown in 

Fig. 1. While passing through the incident shock wave, i, the oncoming flow is 

deflected by an angle q1=qw, to become parallel to the reflecting wedge surface. The 

supersonic deflected flow behind i approaches obliquely the bottom surface with an 

incident angle equal to qw. The supersonic flow can negotiate this obstacle only with 

the aids of either an RR or an MR as shown in Fig. 1. 

 

 

Fig. 1  Illustrations of the wave configurations of an RR (a) and an MR (b) in the 

reflection of straight oblique shock waves from straight surfaces in steady flows 
 

Two out of a variety of conditions, which were proposed by various investigators, 

for the RR↔MR transition, in the past 125 years, are extreme. They are the 

detachment condition beyond which an RR wave configuration is theoretically 

impossible and the von Neumann condition beyond which an MR wave configuration 

is theoretically impossible. Von Neumann [1] was the first to introduce these two 

conditions as possible RR↔MR transition criteria. 

Hornung & Robinson [2] showed that the RR↔MR transition criterion in steady 

flows depends upon whether M0 is smaller or larger than M0C, which is the value 

appropriate to the point at which the transition lines arising from the above mentioned 

von Neumann and detachment criteria intersect. Molder [3] calculated the exact value 

of M0C to be 2.20 for a perfect diatomic gas and 2.47 for a perfect monatomic gas. 

Based on their experimental results Hornung & Robinson [2] concluded that the both 

the RR→MR and the MR→RR transitions occurs at the von Neumann criterion for 
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M0≥M0C, and at the sonic condition, which is very close to the detachment criterion, 

for M0≤M0C. 

By defining the angles of incidence of the incident shock wave that are appropriate 

to the von Neumann and the detachment conditions as bN and bD, respectively, one 

obtains that only RR is theoretically possible in the range b<bN, and only MR is 

theoretically possible in the range b >bD. In the intermediate range bN
≤b≤bD both RR 

and MR are theoretically possible. For this reason, the intermediate domain, bounded 

by bN and bD is known as the dual-solution-domain. 

As a consequence the (M0,qw)-plane can be divided into three domains (see Fig. 2): 

· A domain inside which only RR are theoretically possible; 

· A domain inside which only MR are theoretically possible;  

· A domain inside which both RR and MR are theoretically possible. 

 

The existence of a domain inside which only RR is theoretically impossible, a 

domain inside which only MR is theoretically impossible, and a domain inside which 

both RR and MR are theoretically possible (see Fig. 2) led Hornung et al. [4] to 

hypothesize that a hysteresis could exist in the RR↔MR transition process. 
 

 

Fig. 2  Domains of possible shock wave reflection wave configurations in the 

(M0,qw)-plane 

 

1.1 Hysteresis in Steady Supersonic Flow Over a Symmetric Geometry 

  

An inspection Fig. 2 suggests that two general hysteresis processes are theoretically 

possible: 

· A wedge-angle (qw)-variation-induced hysteresis process, 

in which the flow Mach number is kept constant and the wedge angle is changed. 

· A flow-Mach-number (M0)-variation-induced hysteresis process 

in which the wedge angle is kept constant and the flow-Mach number is changed. 

It is noted that since b=b(M0,qw), the above mentioned two hysteresis processes 

are, in fact, angle-of-incidence (b)-variation-induced hysteresis processes. 

Henderson & Lozzi [5,6] and Hornung & Robinson [2] failed in their experimental 

attempts to record the wedge-angle-variation-induced hysteresis process and 

concluded that the RR wave configuration is unstable inside the dual-solution domain, 

and that as a consequence both the MR→RR and RR→MR transitions occur at the 

von Neumann condition. 

Teshukov [7] used a linear stability technique, and proved that the RR wave 

configuration is stable inside the dual-solution domain. Li & Ben-Dor [8] applied the 
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principle of minimum entropy production and proved that the RR wave configuration 

is stable in most of the dual-solution-domain. 

Chpoun et al. [9] were the first to experimentally record both stable RR wave 

configurations inside the dual-solution-domain, and a wedge-angle-variation-induced 

hysteresis in the RR↔MR transition. 

Vuillon et al. [10] were the first to numerically obtain stable RR and MR wave 

configurations for the same flow-Mach numbers and reflecting wedge angles but 

different aspect ratios inside the dual-solution-domain. Using a Navier-Stokes solver, 

Chpoun et al. [11] were the first to numerically simulate and thereby verify the 

existence of a wedge-angle-variation-induced hysteresis in the RR↔MR transition. 

Unfortunately, since their study was published in a French scientific journal, it has not 

caught the attention of the relevant scientific community.  

The above mentioned experimental and numerical findings that the RR is stable 

inside the dual-solution-domain and the experimental finding that a hysteresis in the 

RR↔MR transition indeed exists, re-initiated the interest of the scientific community 

in the reflection process in steady flows, in general, and the hysteresis process in the 

RR↔MR transition, in particular. The revived interest led to the publication of tens of 

papers that eventually shattered the state-of-knowledge that existed until the early 

1990’s and consequently led to a new state-of-knowledge. 

In all the above mentioned numerical simulations of the hysteresis process the 

obtained transition angles did not agree well enough with the appropriate theoretical 

von Neumann and detachment angles. The numerical MR→RR transition angle was 

about 1° larger than the theoretical von Neumann angle. This was probably due to the 

fact that the very small Mach stem, in the vicinity of the von Neumann transition 

angle, was not resolved well enough in the computations. Grid refinement studies 

confirmed that the numerically obtained MR→RR transition angle approached the 

theoretical value as the grid was refined. The RR→MR transition angle did not 

depend on the grid resolution for fine enough grids but strongly depended on the 

numerical dissipation inherent in any shock-capturing solver. Large numerical 

dissipation or low order reconstruction could result in significant differences between 

the numerical and the theoretical values of the transition angles. For example, the 

RR→MR transition angle, for M0=4.96, in the computations of Chpoun & Ben-Dor 

[12] who used an INCA code, was more than 5° larger (33° instead of 27.7°). The use 

of a high-order shock-capturing scheme gave a transition wedge angle 27.95°, which 

was much closer to the theoretical value. 

Why had the hysteresis phenomenon been recorded in the course of some 

experimental investigations and not in others soon became a research question. 

Although the answer to this question has not been fully resolved, two possible major 

reasons were suggested and put forward: 

· Reason 1: The extent of the hysteresis depends on the type the wind tunnel inside 

which the experiment was conducted. 

Fomin et al. [13] and Ivanov et al. [14] showed experimentally, that while in a 

closed test section wind tunnel the hysteresis was hardly detected, a clear 

hysteresis was obtained in an open test section wind tunnel. Not surprisingly 

Henderson & Lozzi [5,6], Hornung et al. [4] and Hornung & Robinson [2] who did 

not detect the hysteresis, used closed section wind tunnels, while Chpoun et al. [9] 

and Fomin et al. [13] who did detect the hysteresis, used open jet type wind 

tunnels. 

· Reason 2: Three-dimensional edge effects affect the experiment and promote the 

hysteresis. 
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Skews et al. [15], Skews [16,17], Ivanov et al. [18] and Kudryavtsev et al. [20], 

claimed and showed that the experimental investigations, in which hysteresis in the 

RR↔MR transition were well recorded, were all contaminated by 3D edge effects 

and hence could not be considered as purely two-dimensional. Skews [19] showed 

that 3D edge effects are evident in actual wave configurations associated with the 

reflection of plane shock waves over plane wedges. 

 

It should be noted here that using the same reflecting wedge (i.e., same aspect 

ratios) a hysteresis was observed in an open section wind tunnel by Chpoun et al. [9] 

and was not observed in a closed section wind tunnel by Ivanov et al. [14], in spite of 

the fact that almost identical 3D effects were present in both cases. These results 

clearly indicate that 3D effects by themselves are not enough to promote the 

hysteresis and that the type of the wind tunnel (open or closed) has a significant, not 

yet understood, role in the occurrence of hysteresis in the RR↔MR transition in 

steady flows. Kudryavtsev et al. [20] demonstrated numerically and experimentally 

that increasing the aspect ratio could reduce the influence of the 3D edge effects. They 

concluded that an actual MR cannot be considered as free of 3D edge effects as long 

as the height of its Mach stem is smaller than the Mach stem height that is appropriate 

to a calculated 2D Mach reflection. It should be noted here that this condition is a 

necessary but not a sufficient one. 

Ivanov et al. [21] and Onofri & Natusi [22] illustrated numerically that keeping the 

wedge angle, qw, constant and changing the flow-Mach number, M0, can also lead to a 

hysteresis process in the RR↔MR transition. Figure 2 indicates that there are two 

possible hysteresis processes for this case: 

· If N
max,ww q>q  the Mach number can be changed along the path BB’B from a value 

inside the dual-solution domain where both RR and MR wave configurations are 

theoretically possible, to a value outside the dual-solution domain for which only 

an MR wave configuration is theoretically possible and then back to the initial 

value. If one starts inside the dual-solution domain with an RR then after transition 

to an MR the wave configuration never returns to be an RR because the MR→RR 

transition is not compulsory on the return path. It should be noted that this loop 

does not represent a full hysteresis loop, though both RR and MR wave 

configurations can be observed for the same values of qw and M0.  

· If N
max,ww q<q  the Mach number can be changed from a value for which only an RR 

wave configuration is theoretically possible to a value for which only an MR wave 

configuration is theoretically possible and then back to the initial value crossing the 

)M(N
wq  and )M(D

wq  curves (path CC’C in Fig. 2). In this case, a full hysteresis loop 

is obtained. 

 

1.2 Hysteresis in Steady Supersonic Flow Over an Asymmetric Geometry 

 

Li et al. [23] conducted a detailed analysis of the 2D reflection of asymmetric shock 

waves in steady flows. In similar to the interaction of symmetric shocks in steady 

flows, the interaction of asymmetric shocks leads to two types of overall wave 

configurations, namely; an overall regular reflection, oRR, and an overall Mach 

reflection, oMR. An oRR wave configuration consists of two incident shocks, two 

reflected shocks and one slipstream. These five discontinuities meet at a single point 

(R). The slipstream results from the fact that the streamlines of the oncoming flow 

pass through two unequal shock wave sequences. In addition to the incident and 
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reflected shock waves a Mach stem appears in an oMR wave configuration. The Mach 

stem bridges two triple points from which two slipstreams emanate. 

Li et al. [23] showed that three different oMR wave configurations are theoretically 

possible. They are: 

· An oMR wave configuration that consists of two direct-Mach reflections, DiMR. 

· An oMR wave configuration that consists of one DiMR and one stationary-Mach 

reflection, StMR; and 

· An oMR wave configuration that consists of one DiMR and one inverse-Mach 

reflection, InMR.  

Details regarding the DiMR-, the StMR- and the InMR wave configurations can be 

found in Ben-Dor [26].  

In the course of their study, Li et al. [23] identified, two extreme transition criteria, 

which were analogous to the above mentioned detachment and von Neumann criteria. 

In similar to the case of the reflection of symmetric shock waves, the two extreme 

transition criteria also resulted in a dual-solution-domain. 

The (qw1,qw2)-plane for a given flow Mach number, M0, can be divided into three 

parts: 

· A domain inside which only oRR wave configurations are theoretically 

possible; 

· A domain inside which only oMR wave configurations are theoretically 

possible;  

· An intermediate domain inside which both oRR and oMR wave configurations 

are theoretically possible. 

 

As a result, in similar to the case of symmetric shocks, two general hysteresis 

processes are possible: 

· A wedge-angle-variation-induced hysteresis process 

in which the flow-Mach number and the wedge angle of one of the two wedges are 

kept constant and the wedge angle of the other wedge is changed. 

· A flow-Mach-number-variation-induced hysteresis process 

in which the two wedge angles are kept constant and the flow-Mach number is 

changed. 

Chpoun & Lengrand [25] verified experimentally the existence of the above 

mentioned wave configuration and the existence of the wedge-angle-variation-

induced hysteresis process in the oRR↔oMR transition. Ivanov et al. [26] verified 

them numerically. 

It is important to note that the experimental and geometrical set-ups of the 

reflection experiments over asymmetric wedges were similar to those over symmetric 

wedges. Hence, the 3D effects in both cases should have been probably similar. 

However, the fact that very good agreements between the analytical predictions and 

the experimental results were obtained regarding both the transition and the wave 

angles might suggest that the influence of the 3D effects was not too significant. 

Similarly, to the flow-Mach-number-variation-induced hysteresis process, in the 

reflection of symmetric shocks, which was numerically illustrated and verified both 

by Ivanov et al. [21] and Onofri & Nasuti [22], it is reasonable to assume that a 

similar flow-Mach-number-variation-induced hysteresis process also exists in the 

reflection of asymmetric shock waves. Owing to the fact that conducting experiments 

in a wind tunnel in which the flow-Mach number is continuously changed is 
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complicated, the existence of a flow-Mach-number-variation-induced hysteresis 

process in the reflection of asymmetric shock waves still awaits a numerical proof.  

 

1.3 Hysteresis in Steady Supersonic Flow Over an Axisymmetric Geometry 

 

In order to better understand the extent of 3D effects on the hysteresis process 

Chpoun et al. [27] and Ben-Dor et al. [28] designed an axisymmetric geometrical set-

up, which by definition was free of 3D effect. A schematic illustration of the 

experimental set-up fulfilling this requirement is shown in Fig. 3. A 70-mm in 

diameter and 28-mm wide conical ring was placed in the center of a 127-mm 

supersonic jet, which emanated from the wind tunnel. The head angle of the conical 

ring was q=8.5°. A curvilinear cone was placed downstream of the conical ring. The 

base diameter and the length (height) of the curvilinear cone were 30.4 mm and 40 

mm, respectively. The conical ring generated an incident converging straight conical 

shock wave, i1. This incident converging straight conical shock wave interacted with 

the incident diverging curvilinear conical shock wave, i2, which was generated by the 

curvilinear cone. Depending on the angle of interaction between these two incident 

shock waves three different types of overall wave configurations were recorded in the 

course of the experimental investigation conducted by Ben-Dor et al. [28]. Two types 

were similar to an oRR (one was viscous-dependent) and one to an oMR. 

 

Fig. 3  Illustration of the geometrical set-up for investigating the reflection of conical 

shock waves in an axisymmetric flow 

 

An inspection of the geometrical set-up shown in Fig. 3 indicates that the angle of 

interaction between the converging and diverging incident conical shocks, i1 and i2, 

depends on either the axial distance between the conical ring and the curvilinear cone 

or the oncoming flow-Mach number. This gives rise to the following two possible 

hysteresis processes in the oRR↔oMR transition: 

· A geometrical-variation-induced hysteresis process 

In this process the axial distance between the conical ring and the curvilinear 

cone is changed for a given oncoming flow-Mach number, and 

·  A flow-Mach-number-variation-induced hysteresis process 

In this hysteresis the oncoming flow-Mach number is changed for a fixed 

axial distance between the conical ring and the cone. 

 

It should be noted again that the changing angle of interaction between the two 

incident shock waves is the mechanism inducing the hysteresis in both processes. 

Ben-Dor et al. [28] investigated experimentally and numerically (inviscid) the 

geometrical-variation-induced hysteresis process. They found that in addition to a 

major hysteresis process in the oRR↔oMR transition, there were minor hysteresis 
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processes associated with oMR↔oMR transitions processes in which the Mach stem 

heights of the two oMRs were different. 

Ben-Dor et al. [29] numerically investigated the flow-Mach-number-variation-

induced hysteresis process for three cases that differed in the location of the 

curvilinear cone w.r.t. the conical ring. They found that there are situations in which 

two hysteresis loops overlapped. As a result, three different wave configurations were 

theoretically possible for the same flow-Mach number. It was shown that the different 

wave configurations for identical values of M0 were associated with significantly 

different pressure distributions along the curvilinear cone surface. Ben-Dor et al.’s 

[29] study also revealed that in all the cases where the Mach stem of the oMR was 

long enough pressure peaks that were 40-50 times larger than the ambient pressure 

were reached. 

It is important to note here that in spite of the fact that the early reasons for the 

interest in studying the hysteresis process in the RR↔MR transition were purely 

academic, it turned out that the existence of the hysteresis process might have an 

important impact on flight performance at supersonic and hypersonic speeds. 

Consequently, there is a clear aeronautical and aerospace engineering interest in better 

understanding this phenomenon. Some of the geometries that were investigated in 

recent years resembled geometries of supersonic/hypersonic intakes. The findings 

regarding the existence of hysteresis processes, in general, and overlapping hysteresis 

processes, in particular, can be relevant to the flight performances of vehicles flying at 

supersonic and hypersonic speeds. The possible dependence of the flow pattern that is 

established inside an intake, in general, and the accompanied pressure distribution, in 

particular, on the preceding variations in the speed of flight of a 

supersonic/hypersonic aircraft should be accounted for in designing intakes and flight 

conditions for supersonic and hypersonic vehicles. Especially due to the fact that 

different flow fields would result in different flow conditions that can significantly 

affect the combustion process and the entire performance of the vehicle.  
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