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In this paper, we examine the effects of boundary conditions on the vibration and critical
speeds of rotating cylindrical shells. The present work is based on the Love hypothesis
for classical thin shells. In addition, the effects due to the shell rotation, namely the cen-
trifugal forces, Coriolis acceleration and initial hoop tension, have been incorporated into
the formulation. A Galerkin formulation is presented, with characteristic beam functions
being employed to describe the displacement field. Through this numerical procedure,
the roots of the determinant of the characteristic matrix of the rotating shell system are
calculated, and the natural frequencies and critical speeds can be subsequently obtained.
The effects of boundary conditions on the natural frequencies of various modes of vibra-
tion of the rotating shells are first examined. Then we investigate the effects of length,
axial mode number and boundary conditions, on the critical speeds of the rotating shells.

Keywords: Rotating Cylindrical Shell; Vibration and critical speed; Boundary conditions;
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1. Introduction

Over the years, rotating cylindrical shell structures have found significant appli-

cation areas, such as in turbine power plants, rocketry and missile technology,

and rotating cylindrical/drum dryers in chemical processing. The first published

work on a rotating shell was carried out by Bryan [1890], where the dynamics of

a rotating thin ring were investigated. It was in this study that the travelling-

mode phenomenon was discovered. DiTaranto and Lessen [1964] later took into

account the effects of Coriolis forces in their study of an infinitely long rotating

thin-walled isotropic cylindrical shell, and concluded that Coriolis forces have a

significant impact on the natural frequencies of the shell. Subsequently, Srinivasan

and Lauterbach [1971] combined both the Coriolis forces and travelling modes phe-

nomena in their study of infinitely long, rotating isotropic cylindrical shells. For a

non-rotating cylindrical shell, its vibration is in the form of a standing wave motion.
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With rotation, the presence of Coriolis and centrifugal forces, creates a bifurcation

phenomenon leading to the emergence of backward and forward waves.

It is due to the existence of forward waves that at a certain critical rotating

speed, the cylindrical shell may become dynamically unstable, even in the absence of

a compressive load. This instability phenomenon occurs only for certain modes, and

early works which studied the critical speed phenomenon include those of Brzoska

[1953] and Grybos [1961], where Love’s first approximation was used to obtain the

critical speeds for a special case of a thin-walled cylinder. Experimentally, critical

speed results for rotating shells have been obtained and reported by Zinberg and

Symonds [1970]. However, there seems to be limited works which report the effects

of different boundary conditions on the critical speeds of rotating cylindrical shells.

Most of the earlier works were focused on the effects of boundary conditions on the

natural frequencies, such as those of Koval and Cranch [1962], Chung [1981] and

Lam and Loy [1998].

In the present work, we study the effects of boundary conditions on the vibra-

tion and the critical speeds of rotating cylindrical shells under static axial loading.

The present work is based on the Love hypothesis for classical thin shells, with con-

sideration of the centrifugal forces, Coriolis acceleration and initial hoop tension.

A numerical Galerkin formulation with characteristic beam functions as basis is

then formulated to obtain the natural frequencies and critical speeds of the rotat-

ing shells. In addition to the effects of boundary conditions, the effects of length

and axial mode number on the critical speed values of the rotating shells, are also

investigated.

2. Theory and Formulation

The mathematical theory governing the vibration of thin rotating cylindrical shells

is carried out using Love’s shell theory, and takes into account the effects of Coriolis,

centrifugal forces and the initial hoop tension. Figure 1 shows the nomenclature of

a thin, uniform shell of length L, thickness h, and radius R, rotating at constant

speed Ω about its longitudinal axis. The reference surface of the orthogonal coor-

dinate system is taken to be at the centre of the shell’s surface. The longitudinal,

circumferential, and radial directions are respectively denoted by x, θ and z, and

the displacement field of the shell in the respective directions are denoted by u, v,

and w. For a thin shell under plane stress condition, the two-dimensional Hooke’s

law relation is given by

{σ} = [Q] {ε} (1)

where {σ} and {ε} are the stress and strain vectors, respectively, and [Q] is the

stiffness matrix. The stress vector {σ} is given by

{σ}
T

= {σx σθ σxθ} (2)
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Fig. 1. Nomenclature of the rotating thin cylindrical shell.

where σx and σθ are the stresses in the x and θ directions respectively, and σxθ is

the shear stress in the xθ plane. The strain vector {ε} is

{ε}
T

= {εx εθ εxθ} (3)

where εx and εθ are the strain components in the x and θ directions respectively,

and εxθ is the shear strain component on the xθ plane.

The Love-type shell theory defines the strain components as linear functions of

the thickness coordinate z [5], as follow

εx = ex + zk1

εθ = eθ + zk2

εxθ = exθ + zτ

(4)

where ex, eθ and exθ are the reference strains, and k1, k2 and τ are the reference

surface curvatures. They are defined according to Love’s shell theory as follow

{ex, eθ, exθ} =

{

∂u

∂x
,

1

R

(

∂v

∂θ
+ w

)

,
∂v

∂x
+

1

R

∂u

∂θ

}

{k1, k2, τ} =

{

−
∂2w

∂x2
,

1

R2

(

−
∂2w

∂θ2
+

∂v

∂θ

)

,
2

R

(

−
∂2w

∂x∂θ
+

∂v

∂x

)}

(5)

Substituting Eq. (5) into Eq. (4), the strain vector is obtained







εx

εθ

εxθ
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∂u
∂x

1
R

(

∂v
∂θ + w

)

∂v
∂x + 1

R
∂u
∂θ







+ z















−∂2w
∂x2

1
R2

(

−∂2w
∂θ2 + ∂v

∂θ

)

2
R

(

− ∂2w
∂x∂θ + ∂v

∂x

)















(6)
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For an isotropic shell, the stiffness matrix is given as

[Q] =





Q11 Q12 0

Q12 Q22 0

0 0 Q66



 (7)

where the elements Qij are defined as

Q11 = Q22 =
E

1 − µ2
, Q12 =

Eµ

1 − µ2
, Q66 = G (8)

and E and G and µ are the Young modulus, shear modulus and Poisson’s ratio of

the shell’s material, respectively.

Substituting Eqs. (4) and (7) into Eq. (1), the following is obtained

{σ} =





Q11 Q12 0

Q12 Q22 0

0 0 Q66

zQ11 zQ12 0

zQ12 zQ22 0

0 0 zQ66



 {e} (9)

where {e} is the component strain vector which can be written as

{e}T = {ex, eθ, exθ, k1, k2, τ} (10)

The force and moment resultants can thus be defined as

{Nx, Nθ, Nxθ} =

∫ h/2

−h/2

{σx, σθ, σxθ}dz (11)

{Mx, Mθ, Mxθ} =

∫ h/2

−h/2

{σx, σθ, σxθ} zdz (12)

Substituting the stress vector in Eq. (9) into the force and moment resultants in

Eqs. (11) and (12) yields the constitutive equation for a cylindrical shell

{N} = [S] {e} (13)

where {N} is the combination vector of the force and moment resultants from

Eqs. (11) and (12)

{N}T = {Nx, Nθ, Nxθ, Mx, Mθ, Mxθ} (14)

and [S] is the stiffness matrix

[S] =

(

A B

B D

)

(15)

where A, B and D are 3×3 matrices of the extensional stiffness, coupling stiffness

and bending stiffness of the cylindrical shell, respectively. For a thin cylindrical

shell, they are defined as

Aij =

∫ h/2

−h/2

Qij dz, Bij =

∫ h/2

−h/2

Qij z dz, Dij =

∫ h/2

−h/2

Qij z2 dz (16)

where Qij (i,j=1,2,6) are elements of the shell’s stiffness matrix defined in Eq. (8).
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For an isotropic cylindrical shell, the force and moment resultants are obtained

as follows

Nx =
Eh

1 − µ2
(ex + µeθ) =

Eh

1 − µ2

[

∂u

∂x
+

µ

R

(

∂v

∂θ
+ w

)]

(17)

Nθ =
Eh

1 − µ2
(µex + eθ) =

Eh

1 − µ2

[

µ
∂u

∂x
+

1

R

(

∂v

∂θ
+ w

)]

(18)

Nxθ =
Eh

2(1 + µ)
(exθ) =

Eh

2(1 + µ)

[

∂v

∂x
+

1

R

∂u

∂θ

]

(19)

Mx =
Eh3

12 (1 − µ2)
(k1 + µk2) =

Eh3

12(1 − µ2)

[

−
∂2w

∂x2
+

µ

R2

(

−
∂2w

∂θ2
+

∂v

∂θ

)]

(20)

Mθ =
Eh3

12 (1 − µ2)
(µk1 + k2) =

Eh3

12(1 − µ2)

[

−µ
∂2w

∂x2
+

1

R2

(

−
∂2w

∂θ2
+

∂v

∂θ

)]

(21)

Mxθ =
Eh3

24 (1 + µ)
(τ) =

Eh3

12(1 + µ)

[

1

R

(

−
∂2w

∂x∂θ
+

∂v

∂x

)]

(22)

The equations of motion for a rotating cylindrical shell, as given by Srinivasan and

Lauterbach [1971] are

Lx (u, v, w) − ρh
∂2u

∂t2
= 0 (23)

Lθ (u, v, w) − ρh

(

∂2v

∂t2
+ 2Ω

∂w

∂t
− Ω2v

)

= 0 (24)

Lz (u, v, w) − ρh

(

∂2w

∂t2
+ 2Ω

∂v

∂t
− Ω2w

)

= 0 (25)

where ρ is the density of the shell. In addition, the two terms Ω2v and Ω2w in

Eqs. (24) and (25) are the centrifugal terms, while the two terms 2Ω∂w
∂t and 2Ω∂v

∂t

are the Coriolis terms. The differential operators Lx (u, v, w), Lθ (u, v, w) and

Lz (u, v, w) are defined according to Love’s shell theory as

Lx =
∂Nx

∂x
+

1

R

∂Nxθ

∂θ
+ Ñθ

(

1

R2

∂2u

∂θ2
−

1

R

∂w

∂x

)

(26)

Lθ =
∂Nxθ

∂x
+

1

R

∂Nθ

∂θ
+

1

R

∂Mxθ

∂x
+

1

R2

∂Mθ

∂θ
+

Ñθ

R

∂2u

∂x∂θ
(27)

Lz =
∂2Mx

∂x2
+

2

R

∂2Mxθ

∂x∂θ
+

1

R2

∂2Mθ

∂θ2
−

Nθ

R
+

Ñθ

R

(

∂2w

∂θ2
−

∂v

∂θ

)

(28)

where Nx, Nθ, Nxθ, Mx, Mθ, Mxθ are the force and moment resultants defined

in Eqs. (17) to (22), and Ñθ is the initial hoop tension due to the centrifugal force,
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and is defined as

Ñθ = ρhΩ2R2 (29)

After performing the relevant substitutions the equations of motion, Eqs. (23) to

(25), can be written as

R2 ∂2u

∂x2
+ µR

∂w

∂x
+

1

2
(1 − µ)

∂2u

∂θ2
+

R

2
(1 + µ)

∂2v

∂x∂θ

+
γ

ρh
Ñθ

(

1

R2

∂2u

∂θ2
−

1

R

∂w

∂x

)

= γ
∂2u

∂t2
(30)

R2

2
(1 − µ)

∂2v

∂x2
+

R

2
(1 + µ)

∂2u

∂x∂θ
+

∂2v

∂θ2
+

∂w

∂θ

+k

[

R2 (1 − µ)
∂2v

∂x2
− R2 ∂3w

∂x2∂θ
−

∂3w

∂θ3
+

∂2v

∂θ2

]

+
γ

ρh

Ñθ

R

∂2u

∂x∂θ
= γ

(

∂2v

∂t2
+ 2Ω

∂w

∂t
− Ω2v

)

(31)

−µR
∂u

∂x
−

∂v

∂θ
− w − k

(

R4 ∂4w

∂x4
+

∂4w

∂θ4
+ 2R2 ∂4w

∂x2θ2

)

+k

[

∂3v

∂θ3
+ R2 (2 − µ)

∂3v

∂x2∂θ

]

+
γ

ρh

Ñθ

R2

(

∂2w

∂θ2
−

∂v

∂θ

)

= γ

(

∂2w

∂t2
+ 2Ω

∂v

∂t
− Ω2w

)

(32)

where γ =
ρR2(1−µ2)

E and k = h2

12R2 .

The solutions to the three partial differential equations, Eqs. (30) to (32), for a

rotating cylindrical shell can be expressed as follow

u (x, θ, t) = Aϕu (x) φu(θ, t)

v (x, θ, t) = Bϕv (x) φv(θ, t)

w (x, θ, t) = Cϕw (x)φw(θ, t) (33)

where A, B and C are constants representing the displacement amplitudes of

the vibration in the respective axes. The circumferential modal function φi (θ, t)

(i = u, v, w) can be written as

φu(θ, t) = φw (θ, t) = cos(nθ + ωt)

φv (θ, t) = sin(nθ + ωt) (34)

where n is an integer representing the circumferential wave number. The function

ϕi (x) (i = v, w) represents the respective axial mode shapes and the characteristic
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beam functions with the required boundary conditions can be assumed here. ϕu (x)

is taken as the partial derivative of ϕi (x) (i = v, w) with respect to x, i.e.

ϕu (x) =
∂ϕi (x)

∂x
, (i = v, w) (35)

The axial modal functions need to satisfy the boundary conditions applied at the

two open ends of the shell, i.e. at x= 0 and x=L. These can be expressed as

ϕ (x) = ∂ϕ2(x)
∂x2 = 0 (Simply-Supported)

ϕ (x) = ∂ϕ(x)
∂x = 0 (Clamped)

ϕ∂2(x)
∂x2 = ∂ϕ3(x)

∂x3 0 (Free)

The beam functions ϕ (x) for the different boundary conditions cases studied in this

work are thus given as follow:

Simply-Supported — Simply-Supported (SS-SS)

ϕ (x) = sin
(

mπx
L

)

where m = 1, 2, 3 . . .
(36)

Clamped-Clamped (C-C)

ϕ (x) = cosh
(

λmx
L

)

− cos
(

λmx
L

)

− cosh(λm) −cos(λm)
sinh(λm) −sin(λm)

[

sinh
(

λmx
L

)

− sin
(

λmx
L

)]

where cosλmcosh λm = 1

(37)

Simply-Supported-Clamped (SS-C)

ϕ (x) = sinh
(

λmx
L

)

− sinh(λm)
sin(λm) sin

(

λmx
L

)

where tan λm = tanhλm

(38)

Free-Free (FF)

ϕ (x) = cosh
(

λmx
L

)

+ cos
(

λmx
L

)

− cosh(λm) −cos(λm)
sinh(λm) −sin(λm)

[

sinh
(

λmx
L

)

+ sin
(

λmx
L

)]

where cosλmcosh λm = 1
(39)

To solve for the natural frequencies of the rotating shell with the different boundary

conditions, Eqs. (30) to (32) are rewritten respectively as

L11u + L12v + L13w = 0 (40)

L21u + L22v + L23w = 0 (41)

L31u + L32v + L33w = 0 (42)

where Lij(i, j = 1, 2, 3) are the differential operators of u, v, and w. Substituting
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the modal functions into the governing equations and applying Galerkin’s method

gives
∫ 2π

ω

0

∫ 2π

0

∫ L

0

(Liju + Lijv + Lijw) ϕk dx dθ dt =0 (43)

for the indices (i,j=1,2,3) and (k=u,v,w). The three resulting equations can then be

written in matrix form as




C11 C12 C13

C21 C22 C23

C31 C32 C33











A

B

C







=







0

0

0







(44)

Finally, to solve for non-trivial solutions in the above equation, the determinant of

the characteristic matrix [Cij ] is set to zero, and the unknown frequencies ω can be

solved numerically by any appropriate root solver.

3. Results and Discussions

The frequency results in this work are all normalized against the natural frequency of

a non-rotating cylindrical shell of SS-SS boundary condition, and corresponding to

the mode m =1 and n = 1. Additional parameters of the shell used for normalization

are L/R = 6 and h/R = 1.

First we shall examine how the natural frequencies vary with the shell rotating

speed for the four boundary condition cases considered here. The calculated results

are shown in Fig. 2 for mode m = 1 and various cases of circumferential wave

numbers, n, are investigated. We note the order of the different boundary condition

SS-SS C-C 

SS-C F-F 

Fig. 2. Variation of the normalized natural frequency with rotating speed for thin isotropic shells
of different boundary conditions (m = 1, L/R = 6 and h/R = 0.02).
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cases with respect to increasing natural frequencies, which follow generally follow the

order of SS-SS→F-F→SS-C→C-C. The results also illustrate that at zero rotation

speed, there is a trend of decreasing natural frequencies as n increases from 1 to

3, after which they begin to increase for n>3. As n increases further, one also

observed the convergence of the natural frequencies to common values for all the four

boundary conditions cases. Figure 2 also shows that for all four boundary condition

cases, critical rotating speed only occurs for modes where n = 1, and with rotation,

the natural frequencies decrease for all boundary condition cases at this mode, and

the frequencies eventually approach zero when their critical rotating speeds are

reached. For modes where n ≥ 3, the natural frequencies generally increase with

rotation speed.

Next we examine variation of the natural frequencies with m and n for the

different boundary condition cases. The results are shown in Fig. 3, where two

plots are generated for each of the boundary conditions, namely for a non-rotating

shell and one which rotates at 100 rev/s. The rotation speed of 100 rev/s is chosen

because it is the speed which is close to the critical rotating speed of the cylindrical

NON-ROTATING ΩΩΩΩ=100 rev/s 

SS-SS 

SS-C 

C-C 

F-F 

Fig. 3. Variation of normalized natural frequencies with modal parameters m and n for a thin
isotropic shell (L/R = 6 and h/R = 0.02).
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shells considered here. In addition, the minimum frequency is indicated on the plots

as a green dot. From Fig. 3, we observe that the most significant effect of rotation

is the decrease of the natural frequencies for the modes associated with n = 1 and

2, and an increase in natural frequencies for modes where n > 3. The fundamental

frequency also changes from mode (m = 1, n = 3) to mode (m = 1, n = 1) with

the increase in rotation speed, for all four boundary condition cases. This is to be

expected as there exists a critical rotating speed for modes involving n = 1, where

the fundamental frequency decreases to zero with increasing rotation speed. For all

four boundary conditions, we can see that at all values of n, the vibration frequency

increases as m increases. However, these increases are much greater at low values of

n, and this applies for both for non-rotating and rotating cases. Therefore, at high

n values, the change in m has less effect on the natural frequencies.

We now move on to study the influence of shell thickness on the natural frequen-

cies of the rotating shells. Figure 4 shows the results for two different thicknesses for

h/R=0.02 h/R=0.005 

SS-SS 

SS-C 

C-C 

F-F 

Fig. 4. Variation of normalized natural frequencies with modal parameters m and n for a non-
rotating thin isotropic shell (L/R = 6).
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h/R=0.02 h/R=0.005 

SS-SS 

SS-C 

C-C 

F-F 

Fig. 5. Variation of normalized natural frequencies with modal parameters m and n for a thin
isotropic shell rotating at 100rev/s (L/R = 6).

a non-rotating shell, namely h/R = 0.02 and h/R = 0.005, while Fig. 5 shows the

corresponding results for a shell rotating at 100 rev/s. Examining the non-rotating

case first in Fig. 4, the plots show that the change in thickness only has significant

effects on the natural frequencies for the modes involving n > 3. At these n values,

a thinner shell thickness results in lower natural frequencies for all m values. At the

original h/R ratio of 0.02, the n value associated with the fundamental frequency

is 3. However, a qualitative change occurs when the h/R ratio is reduced to 0.005,

when we observe that the fundamental frequency is now associated with n = 4. For

the rotating cases in Fig. 5, we observe a similar trend as the non-rotating cases in

that the change in thickness only affects the natural frequencies for modes involv-

ing n > 3. With decreasing thickness, the natural frequencies drop for all m values,

however, the drop is not as high compared to the corresponding non-rotating cases.

The phenomenon of critical rotating speed only exists for modes involving n=1.

Here we examine how the critical speeds are affected by changes in two parameters,

namely the L/R ratio and m value. Figure 6 shows how the critical rotating speed



October 2, 2011 19:51 RPS/INSTRUCTION FILE 0007

154 T. Y. Ng and R. E. S. Koh

SS-SS C-C 

SS-C F-F

Fig. 6. Variation of normalized critical rotating speed with m and L/R for a thin isotropic
cylindrical shell (n = 1, h/R = 0.02).

Fig. 7. Variation of normalized critical rotating speed with L/R ratio for thin isotropic shells of
different boundary conditions (m = 1, n = 1, h/R = 0.02).

varies with these two parameters, for the four boundary condition cases studied

in this work. The trends observed for all four different boundary condition cases

are very similar. The figure reveals that longer length cylindrical shells, and lower

m values, lead to lower critical rotating speeds. Figures 7 and 8 respectively show

another view of the effects of varying the parameters, L/R and m, on the critical
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Fig. 8. Variation of normalized critical rotating speed with axial wave number m for thin isotropic
shells of different boundary conditions (n = 1, h/R = 0.02, L/R = 6).

speeds of the rotating shell. It can now be clearly observed that the drop in critical

rotating speed for increasing L/R ratios is nonlinear, and the effect becomes less

significant when the ratio reaches about 10. On the other hand, the increase in

critical rotating speed with increasing m value is quite linear.

4. Conclusions

Using Love’s theory for thin shells and the numerical implementation of Galerkin’s

method, the vibration characteristics of rotating thin isotropic cylindrical shells of

different boundary conditions were investigated. The parameters whose effects on

the natural frequencies and critical speeds were examined include the axial and cir-

cumferential wave numbers and the shell thickness. It was found that before critical

rotating speeds are reached, cylindrical shells with SS-SS boundary conditions has

the lowest natural frequency, followed by F-F, C-SS and C-C cases, in that order.

For non-rotating shells with a value of length-to-radius ratio of six, the fundamental

frequency occurs at mode (m=1, n=2 or 3) depending on the boundary conditions.

However, as the shell becomes a rotating one, a qualitative change occurs, and the

mode (m=1, n=1) becomes the fundamental mode. For the study on critical rotat-

ing speeds, it was found that the shorter length shells possess higher critical rotating

speeds. Also, higher axial wave numbers are generally associated with higher critical

rotating speed.
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